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We investigate the photon statistics of the light transmitted from a driven optical cavity contdining
two-level atoms, with emphasis on the weak driving field limit. This limit is of most interest from the point of
view of quantum fluctuations. We find that various types of nonclassical behavior are possible, even with large
numbers of atoms in the cavity, under conditions of strong atom-field coupling, which we refer to as the cavity
guantum electrodynamics limit. We describe the system with a pure-state formalism valid for weak fields, and
also use a Fokker-Planck equation obtained by a small fluctuation linearization. We examine the conditions
under which the linearized theory is appropriate, and explore the sensitivity of nonclassical effects in the
system to atom number, transit-time broadening, and deturiB§650-2947®9)04803-9

PACS numbegs): 42.50.Ct, 42.50.Lc, 42.50.Ar

I. INTRODUCTION ever, with suitable modifications to allow for atomic and
cavity field damping, there has been a great deal of work

In this paper we report on extensions of previous work ondone, both theoretical and experimental, to gain a deeper
dynamical cavity quantum electrodynamicswvity QED ef-  understanding of this fundamental, and very rich, quantum
fects, namely, the photon statistics of an ensemble of twosystem. Experiments to observe the dynamics of this system
level atoms inside a driven optical cavity. The field of cavity include maser action from a collection of several atoms or
QED can be said to have been born more than 40 years agaven one atom interacting with a single field mode in a reso-
with the prediction by Purce[l1] that the spontaneous emis- nator[19—23. Nonclassical properties of the steady state in
sion rate for an atom inside a conducting cavity can behe cavity have also been investigatgt8]. In the optical
greatly enhanced in comparison with the rate in free space ilomain as well as at microwave frequencies there have been
the dimensions of the cavity are of the order of the transitiorexperiments to look at the so-called “vacuum-Rabi” split-
wavelength. The subject was only of theoretical interest untiting [24—30.
experimental techniqgues became available to observe such Yet another class of theory and experiments relevant to
effects. In the first such measurement, Drexh@j®bserved our discussion is the body of literature on resonance fluores-
the enhanced and inhibited decay rates of dye molecules l@zence, where a two-level atom interacts with a classical driv-
cated close to a dielectric surface. This effect can be intering field. The three peaked Mollow spectrum and nonclassi-
preted as the reaction of the molecule to the image charge=l effects such as photon antibunching and sub-Poissonian
that effectively replace the reflecting surfal®. The first  photon counting statistics have been predidted,32 and
experiments with atoms in a cavity were those of Vaidnay-observed 33,34]. A review is given by Cressegt al. [35].
than, Spencer, and Kleppniel, Goyet al.[5], and Jheet al.  Squeezing has also been predidig@], but not yet observed.
[6]. Several later experiments have been carried out to inves- The model we consider here assunieswvo-level atoms
tigate various features of the change in spontaneous emissianteracting with one mode of a resonator of arbitr@;ywith
rates due to the presence of boundaries which alter the elea-driving field present, and we take into account both atomic
tromagnetic field mode density from its free space valueand cavity field losses. This model can be thought of as
[7,8]. Accompanying the experimental work is a large bodyresonance fluorescence in a cavity, the Tavis-Cummings
of theoretical literature concerning the same subj@etl2]. model with a driving field and losses added, or an extension
For a more detailed history of the field, as well as currentof previous work on optical bistability. We wish to stress that
developments, we refer the reader to the reviews of Hindslamping is not to be considered as an unfortunate conse-
[13] and Harochd14], and the compilation edited by Ber- quence of modeling a real system, but rather as a fundamen-
man[15]. tal property of the system we consider. The presence of a

Another approach to what is now known as cavity QEDdriving field and dissipation results in a nontrivial steady
had its beginnings in the work of Jaynes and Cumm[dg§  state for the system. Of course the ultimate importance of
on the interaction of a single two-level atom with one modethis work is the possibility of testing the theoretical results
of the electromagnetic field, and extensions of that work byobtained herein in the laboratory, with a real dynamical sys-
Tavis and Cummings to consider many atdrhg,18. This  tem. We also stress that we will be interested in effects that
too was originally viewed as a purely theoretical constructcan only be explained by quantization of the electromagnetic
with no immediate realization in the laboratory possible, par{ield, i.e., nonclassical effects.
ticularly as dissipation is not included in the model. How- In cavity quantum electrodynamics, one is concerned with
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situations in which the atom-field coupling strendt) is  tem in a regime where the effects of quantum noise are sub-
comparable to at least one of the dissipation rates set bstantial. In many cases, as for the laser and optical bistability,
spontaneous emission to noncavity mode} g4nd by cavity —the system size parameter that is used in the linearization is
losses &); typically this requires that the cavity mode vol- the saturation photon numbeyns=y/2y2g. The signal to
ume be small, or that the cavity enclose a large portion ofioise ratio is on the order of;. A linearization based on the
4msr about the atom. We will be most concerned here withnumber of atoms may still work, but this approach will not
the strong-coupling limit, wherg is the largest rate in the neccessarily work for a small number of atoms. In this re-
problem. In this strong-coupling regime, the atom cannot b&ime, the coupling strength is assumegriori to be smaller
thought of as mildly perturbed by the cavity figldad-cavity tha_n.the atomlc. spontaneous emission rate. Vacuum Rabi
limit) or the field as perturbed by the presence of the atorgPlittings may still be observed l{/_ﬁg is much larger than
(good-cavity limi). Energy is exchanged between these twoX. the cavity energy loss rate, or i~y [40,41,26. Hence
oscillators several times before dissipation has a significanf@cuum Rabi splitting is1ot necessarily a manifestation of
effect. the quantum nature of the field, although it can certainly be
There is a natural separation into two classes of phenoninderstood in that manner. We are interested in the cavity
ena. In the first set of phenomena the emphasis is on what W@ED regime, which we define byy(- y)/y~1, wherey is
prefer to call “structural” properties of the atom-cavity in- the cavity enhanced spontaneous emission rate. This typi-
teraction. Under this category we would put experiments ircally requires thag> vy, and hence the usual linearized theo-
which alterations are observed in atomic fluorescence lineries, which assumag is large, may not necessarily work.
widths, a splitting of the atomic linevacuum-Rabi splitting In previous work in this regime, for a single atom in the
or in which the interaction results in a shift of the systembad-cavity limit, and for weak driving fields, Rice and Car-
resonance frequency. These results can be obtained by comichael[42] have found sub-Poissonian photon counting sta-
sidering the atom and cavity mode as coupled oscillatorsistics, squeezing, photon antibunching, and the vanishing of
indeed for weak driving fields the atom is approximated wellg®)(7) for nonzero delay timer. This work was later ex-
by a harmonic oscillator. The second type of experiment intended to the many-atom case by Carmichael, Brecha, and
volves investigation of the dynamical character of the atom-Rice [43]. There it was emphasized that the effect persisted
field system, and requires a fully quantum mechanical treatfor N atoms, but only if the cavity QED condition was met.
ment of the field. Examples would include squeezing andn many systems, the gquantum noise scales Bls &5, for
photon antibunching. These phenomena cannot be explainekample, photon antibunching M-atom resonance fluores-
by a simple coupled-oscillator theory. There have been seweence. We emphasize that as long as the “cavity QED con-
eral review articles in which one or both of these regimes ofdition” is met, the photon statistics are only weakly depen-
cavity QED have been discussgi3—15, as stated earlier. dent on the number of atoms; qualitatively the behavior is
It is this second class of systems that we wish to addresthe same as the single-atom case. Recently, photon anti-
in this paper. The structural effects in cavity QED can bebunching has been observed in this sysfédj. Mielke, Fos-
seen to follow from severdkssentially semiclassiggboints  ter, and Orozc$45] have seen a further type of nonclassical
of view. For weak fields, the atom and cavity can be viewedbehavior in this system, as predicted in R§f2,43. In light
as two coupled harmonic oscillatd#l], or alternatively the of these experiments, it is important to consider this funda-
atoms can be treated as a dielectric medium with an index ahental system in more detail.
refraction[27], giving rise to a vacuum-Rabi splitting. Alter- In this paper we examine the formal rationale for the
natively, one can understand modification of spontaneoupure-state formalism used in Ré&3]. The pure-state ansatz
emission due to a mirrdrl2] in terms of an image charge is used to obtain the steady-state density operator, which is
radiating in or out of phase with the atom. Yet another waythen propagated using the standard methods of the quantum
to view enhanced and suppressed spontaneous emission usegression theorem. Connections to recent advances in mod-
a Fermi’s golden rule argument, realizing that the mode deneling open systems, specifically quantum trajectory theory
sity into which an atom may emit radiation is modified by will be made. Further, we include the effects of detunings
the cavity boundary conditions. This argument is only reallyand transit-time broadening, and compare with the predic-
appropriate in the limit where the cavity decay rate is largetions of a more standard stochastic dynamical model, of the
compared to the atomic spontaneous emission rate, the ssert discussed above.
called bad-cavity limit. In this limit the effect of the cavity The very general outline of this paper is to look at the
on the atom may be treated as a perturbation, and spontangtatistics of forward photon scattering, i.e., the light transmit-
ous emission into the cavity mode is effectively an irreversted from the cavity, from two different points of views. First
ible process due to the lo® of the cavity. In the strong- we will discuss the photon statistics resulting from the quan-
coupling regime, where the atom and cavity exchange @&aum dynamics of arobservedpure state, and second, in the
photon several times before it is lost, a picture based owmontext of the formalism of a stochastic process in the
perturbation theory is not appropriate. positiveP representatiof38,39. In Sec. Il we discuss the
Usually [38,39, one solves for the semiclassical steadydetails of the physical system considered. The formal deri-
state of the system, i.e., that which is obtained from thevation leading to the use of pure-state dynamics even in the
Heisenberg equations of motion when expectation values giresence of dissipation is discussed in Sec. lll. We turn to
products are factorized, and then examines the effects dhe photon statistics of the transmitted field in Sec. IV. In
small(quantum perturbations on these steady states. In thes&ec. V, we make a comparison to coupled oscillator theory.
theories, the small noise assumption is made, and hence, o8ection VI discusses a stochastic dynamical model, which
may disallow oneself of the possibility of examining the sys-depends on a linearization using the number of atoms as a
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FIG. 1. Schematic of the physical systeM,is the number of
atoms in the cavityx is the cavity field damping ratey is the

spontaneous emission rate to noncavity modes,gisdthe atom- oy the experiments designed to observe the effects to be

field coupling. described throughout this paper, visible or near visible wave-
i length atomic transitions are well suited, in which case ther-

system size parameter. In Sec. VII, we use the stochastig, | nhoton numbers are completely negligible and thus these

model to calculate the photon statistics, and compare thg, s have been omitted in the damping term. It would be a

results to those of Sec. IV. In Sec. VIII, we discuss the degighiforward generalization to include the effects of ther-

pendence of the photon statistics on a variety of parameterg; photons, and this would indeed be necessary for a de-

atomic and cavity detunings and®, number of atom\,  gcription of systems involving Rydberg atoms coupled to
coupling parameteg, cavity loss ratec, and atomic sponta- icrowave cavities.
neous emission ratg. We use the stochastic model to dis-  For completeness, we consider here a general formulation
cuss the effects of transit time broadening and/or phase dgj ihe damping in which nonradiative decay processes are
stroying collisions on the photon statistics, an effect tha ossible, i.e.y %2y, . Much of what we will discuss in this
cannot be treated using the pure-state formalism of Secs. 'Eaper assumes purely radiative atomic decgy=2y, ); for
and IV. Finally, we conclude in Sec. IX. example, the pure state formalism introduced in Sec. 11l will
only be valid in this limit. In Secs. VI and VIII we will
Il. PHYSICAL MODEL address departures from the purely radiative regime. Since
one goal of the present work is to realistically describe an
experimental situation, it should be noted here that the de-
arture from purely radiative decay in present experiments
44,45 is small and only quantitative differences are to be

LiFrreUp:K(ZépéT_éTép_péTé). (4b)

The model to be treated is a generalization of the Jayne
Cummings atom-field interaction, including the effects of
both cavity and atomic decay as well as that of an extern
driving field. The system is shown schematically in Fig. 1. In

one context, this is simply the microscopic model for o ticaIeXpeCte.d' . . - .
bistability with two-leve?l );toms in a car\)/ity. The field an . The final term to b.e consu_jered IS tha_t de_scnblng the driv-
atomic Hamiltonians are given by ing field—cavity field interaction, which is given by

Ao fiwala, (1a H gp=if(Ee '@ota’—E*el@oty), (5)
R R whereE is the scaledclassical input laser field strength.
Ha=hw,d,, (1b)  The scaling is such thd&/ « is the photon flux injected into
the cavity by the driving field. We note that treating this
respectively. In the rotating wave approximation the interacdriving field quantum mechanically, and assuming it is a
tion Hamiltonian is given by highly excited coherent state produces the same results.
. o o The master equation for the full system is now given by
Har=i%ig(a'd_—ad,). 2)
o 2 2 a2 2 A F
In the above,w, (w,) is the resonance frequency of the p=(ZUMHA* Het Hart Hip plt Liveup t LiveuP
cavity (atomic transition The cavity field creation and an- =Lp, (6)
nihilation operators are given bg' and a, respectivelyg
= pno(wcl2h €Vo) Y2 wherep, is the dipole transition ma-
trix element, and/, is the cavity mode volume. The collec-
tive atomic operators are given by

which will be the starting point for the rest of the paper.

Ill. PURE-STATE DYNAMICS FOR WEAK FIELDS
AND RADIATIVE DAMPING

N
j. = 2 eikzj 5l (3a) Here, we begin with equations of motion for density ma-
i_jzl T trix elements. As we are going to consider the lifait>0,
we truncate our basis set at some level. As we wish to cal-

N culate the second-order intensity correlation function
3=> o), (3b)  9'®(7), we must keep states with two quanta of energy at a
I=1 minimum. We will then use the truncated basis
whereo . ando, are the Pauli spin operators describing the |00), |10y, |01), |20), |11), |02). 7)

two-level atomic system. Following standard techniques the

atomic population and polarization decay, as well as the field Here, the first index corresponds to the number of energy
damping can be described by the action of the Liouville op-quanta in the atoms, and the second corresponds to the exci-
erators on the density matrix of the systgs®,39: tation of the field. This is an incomplete specification of the
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state of the system, as, for example, in the sta@®, the  As we have truncated our basis at the two-photon level, we
guantum of energy could be stored in any one of that-  postulate that the state of the system is of the form

oms. In actuality then, we have (Z)XN)+(1)+ (N[N

—1])+(N)+(1)=N?+N+3 states here. The numbers in |4(1))=]00) + Y Dgy(1)|01) + VnsY Dy 1) | 10)

the previous sum represent the number of real states of the 2 2

system that correspond to the generic stéfésWe assume +Y2Dgy(1)[02) + Vg Y2D (1) | 12)

that all atoms couple to the field with the same Jaynes- +NngY?D (1) 20). (12
Cummings parametgy, i.e., that they are all at antinodes of

the field, for example, and that all of the atoms are identicalThis wave function is normalized to lowest order Yo If
Under these conditions one may use a symmetrized set sluch a factorization of the density matrix is possible, the
atomic states that reflects the permutation symmetry requiredensity matrix elements must be related to the complex prob-
for identical atoms, as we show in Appendix A. A relaxation ability amplitudes above via equations of the form

of this assumption that allows for numerical computation is )

described inM44]. So instead of considering a set of atomic pij;ii=1Dijl %, (133
states such as

1)= N el
=Ml bealidien b As Dgo=1 ( to orderY) in the weak-field limit, that
12)=[l1l2- dalidisr - dicalibien oD means that we must have

pij;ki=Di; Dy - (13b)

| £k, ) Poosij = Dij - (14

Thus we may use the equations for the matrix elements
poo;j to write down a proposed set of equations for the prob-
ability amplitudes as

we define the symmetric states

1 N
|1>S:\/_N gl IR DS A I FY) 8

. —+N 1
Dos;=——=D1p— 5Do1, (153
. 01 2\/§ 10 2 01
2
2)s=—= 2 2
N(N—=1) k=1 =2 b= N"1h b 15h
I#k 02 \/E 11— Po2, (15b
L N I o N NN N TN P 8
: M z
| #k. 9 D10= V2NuCDo1~ 5 Dot 5, (159
These are then the atomic states referred to in(Bgln this - N 1
truncated basis we then have 21 independent density matrix Dy;=—— Dot V2uC| 1— = | Doyt “b
o : . . 11 2 20 M N/ 02Ty ol
elements. Initially, we restrict our calculation to zero atomic
and cavity detuning, and hence these density matrix elements 1
are all real. In Sec. VIII, we shall return to the effect of these — Z(1+p)Dyy, (15d)
detunings on our results. We also consider the limit of purely 2
radiative broadening here, and address the ramifications of
the relaxation of that assumption in Sec. VIII. The set of . M
equations that must be solved are then given in Appendix A. D20=2uCDyy + 2\/§D10_'“D20' (159

Here we defineC=Ng?/ ky and u=2«/vy, and time is
scaled byy/2. The density matrix elements are scaled ac-The dot refers to differentiation with respect to the scaled
cording to the relation time yt.
We must now check that the other density matrix element
Pn,l;mk s (100 equations are of a form that is consistent with a pure state
factorization. We consider an example below:

pnMm,k*}n(sn+m)/2Y(n+m-¢—I-¢—k)

whereY is a dimensionless driving field armd,= y||yl/4g2

=1/4.C, is the saturation photon number. ] ) 1
At this point, we examine the possibility of using a pure- po1:01=2D01Dg1=— —=D01D10=Do1Do1

state description for the dynamics of this system. In the one- 2

atom case, in the bad-cavity limit, we have previously solved 1

for the steady-state density matrix elements, and find that = — — po110— PoroLs (16)

they are consistent with a pure-state factorization of the den- N ’

sity matrix. Outside the bad-cavity limit, numerical results

indicate that this is still the case. Here, we wish to see if thevhich shows that in this case the equations are of the form

density matrix for this system can be represented by one would obtain by using a pure state given as above. Upon
checking the other 15 equations, we find indeed that the den-

p=|()) (t)]. (11 sity matrix element equations are consistent with the system
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as described by the pure stdfeg. (12)]. It is not immedi- 0.15
ately obvious why a system with dissipation obeys pure-state

dynamics. We stress that this is not an approximation intro- 0.10 -
ducedad hog but that in the weak-field limit, for radiative

damping, the dynamics of the system can be described by the 0.05}
pure-state evolution given by Eq4.5). In quantum mechan-

ics, a system evolves in two way§) by unitary evolution 0.00 ¢
via the propagator, determined by the Hamiltonian, &nd <8 cond
random collapses due to dissipation. The probability of a 005 ¢
collapse is proportional to the rate of dissipationdr y) as

well as the probability for the system to have energy in it 0101
(i.e., the number of intracavity photons or number of atoms

in the excited stade As the excitation probability is small in 0I5
the weak-field limit, so is the probability of a collapse.

Hence in this weak-field limit, the system can be described
by a pure state even in the presence of dissipation, at least
during the time between two-photon emissions. Thus this
approach is appropriate for a calcuatiorgé®(7), providing
that we start with the state of the systegiventhat it has

guent emission at time. In one sense the calculation of
g®(7) presented here is really a calculation of the waiting
time distribution, i.e.,W(7), the probability that thenext
photon arrives at, with none arriving in between. For weak

-0.20

10

10 20

IV. PHOTON STATISTICS
OF THE TRANSMITTED FIELD

A. Coincident photon count rates

FIG. 2. Intracavity field conditioned on emission of photon at
7=0.0 calculated using a quantum trajectory algorithm. The curve
emitted a photon, and calculate the probability of a subseis for g/y=3.0, «/y=0.5, andY/y=0.1.

fields, the probability of another photon arriving in the inter-
val 0— 7 is vanishingly small, and the difference between
W(7) and g'?)(7) vanishes. In most experiment84] the
waiting time distribution is the quantity actually measured,
and for weak fields, this corresponds to a measurement of
9®(7) [46].

More properly, as we deal with an open system that can-
not be described by a wave function, we can think in termsyhere
of the quantum trajectory theory developed by Carmichael
[47], Dalibard, Caston, and Molmé¢#48], and Dum, Zoller, -1 1
and RitscH49]. Here we follow the approach of Carmichael, DiP=— ———, (183
which consists of an unravelling of the master equation into V2 1+2C
evolution and collapse processes, with the collapse occurring
randomly. Dissipative systems are described by wave func- DSS— 1 (18b)
tions that evolve via a nonunitary Hamiltonian or a collapse 0 1+2¢C
operator. Numerically, a random number generator weighted
by the probability of a collapse determines which process ss 1 1
takes place at a given time step. As both processes are non- D02:2(1+20) 1+2C—2C,(ul(1+ p))’
unitary, the wave function is then renormalized, and one
throws another random number. One then averages over an
ensemble of these conditioned wave functions to obtain sta- DSS= 1 g (189)
tistical information. Here again, the probability of a collapse M J2(142C) 1+2C—2Cy(u/ (1+p))’
is related to dissipation rates as well as excitation probabil-
ity. It is the latter that is small in the weak-field limit, and ss 1 { 2C
hence the time between collapses is relatively longDig D2°:2(1+2C){1_ 1+2C—2C,(ul(1+ )|’
~1 and the other probability amplitudes are proportional to (180
some power ofY, for weak fields the wave functiof12) is
normalized to leading order ¥, and the evolution preserves where we have define@,=C/N=g?%/ «7y.
the norm to that same order. Our results will then be valid \We may calculate the steady-state average intracavity
only in the limit thatY — 0. A sample trajectory obtained by field and photon number, to lowest orderYn
the method of Carmichael is shown in Fig. 2.

In the bad-cavity limit, weak fields means approximately
10% of the saturation field; in the good-cavity limit, the field
must be much smaller. Recent work by Alsing and Savage,
and Rice and Clemens deal with how small the field must be n.y2
for the system to be accurately approximated in this fashion Aty — ATA ~ 2__ 'S
for more than one atorfb0,51]. (@'@)ss=(¥sda'alys9~|Cud (1+2C)%

At times long compared te~ ! and 1, the asymptotic
steady state reached by the system is

|59 =100)+ Y D502) + Vn Y DS 10) + Y2D 55 02)
+ngY?D$11) + ngY2D 55 20), 17

(189

“ “ Y
(a)ss=(¥sdals9~Cio= \/n_sm (19

(20)
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We may also construct the steady-state valueg@t(0), 2(0)=| Yoo theoll - 29)
resulting in covaTee
A At this point we ask, when the system is in steady state, and
@(0)= (psda™@?|yse  2|Cyd? a photon is detected in the transmitted field, what is the re-
9 (bsda'alsd?  |Cyd* duced state? We find from E(R7), with pss=|s9(¥sd,
) -
n alys9
=|1-4cc, | @ | Yol =~ (29
1+up1+2c-2c; ,/<¢S§é‘ré| Vs
WhereC£=C1(1+ 1/#)71. For N>1, this reduces to This may be written in the form
@@)=|1- L A # T 22 |eo)=100)+ DE2 01y + DSS'[10), (30
N1+2C1+pu
where
This agrees with the result given by a linearized treatment of
guantum fluctuations, if higher-order fluctuations are kept, as | Dfls
discussed in Sec. VII, where the number of atdwis used Do1 = s (319
as a system size paramef8e]. It will sometimes be conve- 10
nient to consideg(®(0) in the following form: ss
2 D°°'=—\/§D20 (31b)
(1+2C)(1—-2Cy) 10 DSS
g(Z)(o)z (23 10
1+2C-2C}

We now calculate the state of the system at tirrgiven that
We postpone a discussion of this result until later in theit was in the state)., at 7=0. This is given by the solution

paper. to the probability amplitude Eq$15) with initial conditions
given by Eq.(31). We then have for the second-order inten-
B. Delayed Coincidence rates from pure-state dynamics sity correlation function,
In formal language, using the quantum regression theo- IDSS (7-)|2
rem, the joint photodetection probability is given [88] g?(n)= |—52 (32
D10

(27xT)*(a'(0)a’(7)a(7)a(0))

HereDSY' is the probability amplitude for all atoms to be in
_ 2 T T T 10
=(2n«T)?ula’ae(apsa")], @9 the ground state and one photon in the cavity, at tire®,
given that the system was in the collapsed stétg,) at time

0. Obviously, we need only keep one photon states in this

reduced state in order to calculagé€’(7), which involves

where £ is the Liouvillian operator in the master equation
p=Lp. This may be written as the product of two probabili-

ties: the detection of the second photon.
(27xT)2(a'(0)a’(r)a(7)a(0)) The final result of this calculation fay‘®(7) is [43]
— — \at t 2 Aa 1
=[29«xTtr(p(7)a'a)][27«T(a'a)sd, (25 g (r)={1+ —exp — Z(p+ D)7
where (u+1) P
_ X | coshQ 7+ sinhQr|; , (33
p(1)=eT(apsa'l(a'a)sy (26) 40
is the density operator that evolves via the master equatioyyhere
from the initial state, A
o
_ — =-2C}[2C/(1+2C~-2C})] (34)
p(0)=apsq'/(a'a)ss. 27 @ ! !
The two probabilities on the right-hand side of E25) have  and
simple interpretations: 2« T (a'a) is the probability for de-
P BT {a'a) 1s the probabliy Q=(114)\(u— 1%~ 4Ng, 39

tecting a first photon atr=0; (27«T)tr(p(7)a’a) is the

probability for detectlng a second photon at a timwith the and we haveC;=g%«y and C,=Cy/(1+ y/2x)=C, /(1

system in the state(7), which has evolved from the re- +1/p).

duced statep(O) prepared by the first photodetection, de- This expression depends on the number of atoms only

scribing the instantaneous state of the system after the detegwrough the difference betweed and Ci, and in the value

tion of the first photon. of the Rabi frequency). For a large number of atoms and
The density matrixp(0) can be written as large coupling, the factoA @/« reduces to
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Aa with
= 2Cy, (36)
Q=(1/4)(x—7/2)2—Ng? (42)
a quantity that is independent of the number of atoms. The
size ofg®(0) is independent of the number of atoifisr 2"
N>1), and relaxation to the steady state occurs at a rate C= NG
determined by the collective coupling constafNg. For N glKy.
=1 and in the bad-cavity limitg— o), this result reduces ~, P ~ 1
to that of Ref.[42]. Ci1=(97ky)(1+1p) 7,
It is a straightforward task to include the effect of detun- o

ings ong® (7). The master equation is modified in the fol- m=2xly. (43

lowing manner:
. 5 V. COMPARISON WITH COUPLED
k—k(1+i0)=k, (37) OSCILLATOR THEORY

y— y(1+2iA)E§/, (38) Let us compare the results obtained in previous sections

with those obtained by considering a pair of coherently

where A=2(w,— wg)/y and @ =(w.— wy)/k are dimen- driven coupled harmonic oscillators. Recall that structural
sionless atomic and cavity detunings, respectively. Formallgavity QED effects, such as linewidth enhancements and
then, the matrix element equations, and hence the equatidfvel shifts can be explained, at least qualitatively, using
for the pure state probability amplitudes are modified in thestch a treatment. We take our lead from the equations for the

exact same manner, with the result probability amplitudes,
5= L Bor=— Dy oD 44
DOl:leO_ §+|A)D01, (39@ Ol_ﬁ 10 E 01 ( )
-1 N _K L
o= Du~(1+2i4)Dp:. (39D D16= V24CDo;~ 5 Dot 5 - (45

These equations formally describe coupled oscillators, with
(390 Dy, andD o the mean amplitudes of the atomic polarization
and cavity field, respectively. As an example of how these
equations contain structural cavity QED effects, let us con-
sider the bad-cavity limit, defined by>+y, or u>1. Then
we may adiabatically eliminat®, by settingD;,=0, to
obtain

M
D10+ E,

D10=2uC D01( % +i0

. -1 _ 1
D11=7[1+M+2|(A+®)]D20+\/E,uc 1- | Doz

Di1, (390 1 1
Dg1= 2(1+2C)D01+ N3
7’
m Here we see that the atomic oscillator is damped at the cavity
enhanced rate ¥/2)(1+2C), where C=Ng?«y. It can
The density matrix equations are still equivalent to thosealso be shown that if the cavity is detuned, that the overall

obtained from the above equations for probability ampli-spontaneous emission rate can be reduced, t62@)/(1
tudes. The dot in the above equations still signifies differen-+ A?).

(46)

D2o=2uCDyy+ Dig— (1 +2i0)Dy. (399

tiation with respect toyt, not with respect to the above- In Appendix B, we discuss how a pair of coherently
defined complexy. The resulting expression faj‘?)(r) is  driven coupled oscillators starting in a coherent stdoe
then example, the ground state of the harmonic oscillet@plves

into a product state, where each oscillator is in a coherent
state with a mean amplitude that comes from the two struc-
tural equationg45). Again, treating the atom as a simple
harmonic oscillator is a good approximation in the weak-

2 field limit, when the atom is predominantly in the ground

, (400  state, i.e.(o,)~—1. Formally this can be done using the
Schwinger representatid7]. The amplitudes of the coher-
ent states obey the following equations:

Aa 1. -
1+ —exp —s(k+y/l2)71
o 2

9@ (n)=

K+ I2)

x| coshQ 7+ (K—~ sinhQ 7
2Q)

where
ap=—(Kkat wy)ag+gBo+E, (47)

=—2C![2C/(1+2C-2C)) (41) .
[ 261 ] Bo=—(kpT wp)Botgag. (48

l

A
e
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A product of two coherent states can be expanded to find There is noa priori reason that the traditional methods,
which require a system size expansion on the grounds that

|a0>|/30)=e““0|2’2[|0>a+ ag|1)at ad2)+ - - -] there are many atoms and/or photons should give results that
2 ) are correct in the limit of one atom and/or photon, and we
x e~ 1Pl 2|0y, + Bo| L)p+ B3| 2)p+ - - -] will examine the level of agreement between the two ap-

_ _ 2 5 proaches. This will be a useful guide in discussing system
=exfl — (|aol*+1B0|*)/2][10)a|0)p+ ao|1)4]0)p size, for the purposes of using the linearized posifve-

+ Bol )b/ 0Va+ @224l 0)p+ aoBol 1)al L)b theory. The pure-state approach breaks down when one in-
cludes nonradiative broadening; these effects can be handled
+B2|0Ya]2)p+ - - 1. (49 inthe linearized positivé? approach, and will be considered.

_ ~ We wish to derive a Fokker-Planck equation for a qua-
Hence we see that, for the system to be described by a pair @fprobability distribution function, and to be able to interpret
oscillators, we must have the following condition on theijt as such, and we desire that the diffusion of the probability

probability amplitudes: be positive definite. The derivation of this Fokker-Planck
) equation and the difficulties with nonpositive definite diffu-
Do2=Doy N2, (508 sion have been discussed many times and therefore only an
outline of the procedure will be given here. Since we are
D11=D1dDos, (50D interested in the photon statistics of the light transmitted
) from the cavity, a natural selection for the quasiprobability
D20=D 1%/ \2. (509  (distribution would be that of Glaubd54] and Sudarshan

L ) . ) , [55], the so-calledP distribution, which allows one to de-
This is consistent with the amplitude, Eqs5), if we make scribe averages of normally ordered field operators, corre-
the replacementyN—1— VN. It appears ‘then that the gponing to the detectiofannihilation of photons in a de-
coupled harmonic oscillator model explains the quantumecior. The disadvantage to this approach at first sight is that
fluctuations up to corrections of orderNL/ However, this e ahove-mentioned problem of non-positive-definite diffu-
conclusion is too hasty. Consider the steady-state solution tgn qoes indeed appear in tRerepresentation. A generali-

the amplitude Eqs(15): zation of the Glauber-SudarshBrdistribution is the positive
P representation of Drummond and GardifB6] in which
|#)=100)+ xo| 10)+ Bo|01) + (a3 V2)pe| 20) the system, nominally in five dimensions, is allowed to ex-
2 pand into ten dimensions. This is accomplished by making
X(QOBO)qHDHBO/\/z)qr|20> G the field, polarization, and inversion variables into indepen-
with dent complex variables(i.e, a=aytiay, a,=a,y
=ia,y, Wherea, #a*. In the end, the quantities of interest
p=1-2Cj, are the averages of the stochastic variables, and in the mean,
(a,a), (v,v,) are complex conjugate am is real, but
g=(1+2C)/(1+2C+2C}), individual stochastic trajectories describing these variables
are in fact allowed to explore the enlarged phase space.
r=+\1— 1. (52) First a characteristic function can be written as

—_ . "T . ~ . N .
The coupled oscillator model would have=p=g=1. In E(B.Bx £.6  m) =tr(pe!Px2 el (P! )6l(1Dgl(80))
fact, q andr differ from unity by order of 1N, p differs (53)

from unity by 2Ci~(y—v)/y, a quantity that igndepen-  where (3,8, ,&.¢, ,7n) are all independent complex vari-
dent of N This term is obviously only important when the ables. Usually the characteristic function can be defined as
cavity QED condition is met. Essentially, under cavity QED the Fourier transform of the desired quasiprobability distri-
conditions, while the fluctuations are small, so is the meamution; in this case we define the relation as

intensity, and so quantum noise plays a very important role

in system dynamics. The coupled oscillator theory would=(8,8x .&.éx . 7)

predict g?(7)=1 for all . Nonclassical behavior in the

photon statistics arises only in the cavity QED regime, and :j d2,3j dz'B*f d2§f d2§*f d?y

hence we refer to this asdynamical cavity QED effecbne

that cannot be explained by coupled oscillator theory. XP(a,a, ,v,v, ,me Bxax)g i(Ba)g=i(t)

VI. A STOCHASTIC DYNAMICAL MODEL X e (MMe=i(Evy) (54

The master equation of Sec. Il will be used as the starting Expectation values for operators can be expressed as de-
point for a more standard treatment of this problem, a for+ivatives of the characteristic function evaluated for zero ar-
mulation that in this case has its origins in the quantumgument, as in derivations in tHe representation.
theory of optical bistability{53] using a linearized Fokker- The results given here can be rigorously shown for the
Planck for a positiveR distribution. The major purpose of case of boson$56]. Using standard techniques a Fokker-
pursuing this calculation is to examine how well the standardPlanck equation foP can be derived that has the character-
methods work in the regime of very few atoms and photonsistic of being positive definite and therefore can be inter-
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preted as a classical-type probability distribution, although in _ [N\71

a ten-dimensional space. We will skip a detailed discussion m=<§) m (59¢
of the Fokker-Planck equation and concentrate more on the

associated Ito stochastic differential equations from whichyith the saturation photon number defined as

the linearized theory follows. _ /402 and wherea. o satisfies th ion f
A set of Ito stochastic differential equations can be de-_, Y| ¥1/#9" and wherea, a satisfies the state equation for

rived for this system that gives an equivalent description toabsorptlve bistability:

that of the Fokker-Planck equation in the positReepre-
sentation. These equations are more amenable to computer
simulation, a topic which has been discussed in R&T].
The set of equations, with atomic and cavity detunings, bu
allowing for nonradiative broadening {from Ref.[57]):

a, a[1+2C/(1+ a, a)]?=Y2 (60)

ility literature, defined a€=g?N/2«vy, andY is the scaled
input driving field,Y=¢/x/ns.

EereC is the cooperativity parameter from the optical bista-

da=(—«(1+iA)a+gv+e)dt, (559
A. Numerical solutions to stochastic differential equations

da, = (= (1=1A)a, +gv, +e)dt, (550 It is possible to solve the set of stochastic differential

equationg Eq. (556] directly using Euler’'s algorithm. The
(550 solutions to the set of equations is obtained by starting the
system in the deterministic steady state given by Ef). A
dv, =(— 7, (1-10)v, + 2ga, m)dt+[2ga, v, ]*2dW,, pair of Gaussian distributeq rgndom nur_nbers'is generatgd by
(55¢  the polar method and the individual trajectories of the field
variables for approximately 2Gatomic lifetimes. The trajec-

dv=(— vy, (1+i0®)v+2gam)dt+[2gav]YdW, ,

N tories are averaged together and the running average is re-
dm:‘[?’ §+m +g(av, +a,v)|dt corded. The parameter space that could reasonably be ex-
plored was restricted by two factors. The size of the
N 12 fluctuations in the field is proportional 6, or more funda-
Y5 Tm—g(av, Fa, )| dWs, (55€  mentally, toN, the number of atoms. Roughly this is due to

the fact that the field is driven by a polarization made up of
where a=a,+ia, is the complex field variable in the N atoms. Thert_efore the intensity correlation function,_which
Fokker-Planck equation referred to above and wifhw giv- IS fourth order in the fields, scales Bi§. Many more trajec-
ing the intracavity intensity in units of photon number. As tories must then be averaged togetheNaisicreases, if the
noted, in the positivd® representation, the variabie, is not relative error in the final reSl_JIt is to be kep; below some
the complex conjugate af but rather an independent com- chosen level such as 1%. This becomes an important factor
plex variable. fo_r Con the order of 20 for the number of atoms chosen for
The same holds fov and v, , the polarization variables. this investigation i=10). Greater values & lead to com-
Finally, mis the variable describing the atomic inversion andPUter runs that are prohibitively long. Various integration
is complex as well. The variableiV, , dW,, anddW, are  Step Sizes have been tested and checked to ensure a reliable
independent Wiener noise increments. In the absence @fsult. One effect of using too large a step size is that the
these noise terms one can solve for the steady-state solutioHgctuations will appear to be too large for a given set of

of the above equations directly: parameters. That is, the ensemble average converges to some
value that would actually correspond to a larger valu€of
o=am (56) Of a perhaps more fundamental nature is the limit set at the

opposite extreme of a small number of atoms. The stochastic
- — differential equations are derived from a Fokker-Planck
Uy T @M, (57 equation, a derivation rests upon the assumptiontbat.
Several discussions have appeared in the literature con-
1 (59) cerning the limits of validity of the positive- representation

m=—

1+Z* o in general, and of its “pathologies” under certain integration
schemeg58,59. In our own work we have found signs of
where the scaled variables are given by these problems; however, we have taken care to choose pa-
. rameters such that runaway trajectories were not present in
a=n;Yq, (599 the running averages. lllustrations of the types and effects of
unbounded trajectories on bot(?)(0) and g®(0) are
a,=n;aq, (59p  shown in Ref.[52]. In effect, once we began to push the
technique to larger values @ (on the order of 2Dor to
[N\ |22 smaller values of atomic numbeX E5), the integrationgat
v=(§) (—) v, (590 the least became more unstable. An example of the results
Y obtained from the numerical solution of the stochastic differ-

(599  discussion of the parameter dependence of the time-

12 ential equations will be shown in Sec. VIl in the course of
v, 1 . .
) * dependent second-order correlation function.
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B. Linearized theory §:<§>+5§' (61)
One interesting parameter regime is that in which the sys-

tem is in a well defined deterministic steady state and any'here
perturbations, quantum or otherwise, are relatively small. For 2 T
example, fluctuations in the photon number in the cavity ¢= (@ e, v, m), (62
(say, when one photon escapés small compared to the from which the set of equations can be written as
total number of photons present. There are limits to the va-
lidity of this assumption, and in fact it will be shown later d(5é) . .
that it is precisely in the case where the fluctuations become a4, ~ AdETBdL(7), (63
large that the nonclassical features of interest will be found
[43]. In spite of this, and because the results can be justifiedthere A and D=BBT are the drift and diffusion matrices,
later and shown by other means to be at least qualitativelyespectively, and’ = (0,0dW,; ,dW,,dW5)". The drift ma-
accurate, the small fluctuation assumption is used here astax determines the time evolution of the mean values of the
starting point. In this situation it is valid to linearize the set variables, while the diffusion matrix is related to the fluctua-
of stochastic differential equations about the steady state biyons about the mean. These are given explicitly by the ma-

assuming trices
M . nC
—=(1+i0® 0 — 0 0
5 ( ) s
[T nC
0 —5(1-i0 0 — 0
5 ( ) T
A 1+A? 0 1+iA X (64
| 2 T(1+A2+x?) 2T 2T
0 1+A? 0 1-iA X
2T (1+ A%+ X?) 2I' 21
(1+iA)X (1+iA)X -X —X B
2(1+A2+X?) 2(1+A2+X3?) 2\ T 2T
and
0 0 0 0 0
0 0 0 0 0
1-T
1 0 0 (1-iA)X2 —-——x2 0
D=_ _ r , (65)
N(1+A%+X?)
1-T o
0 0 —sz (1+iA)X? 0

0 0 0 0 -4

where the scaled parametéagjain from the optical bistabil- for a quite general choice of parameters such as the cavity
ity literature definitiong are X=a/ng, I'=7y/2y, , andu  and atomic detunings{ andA, respectively, as well as for
=2«/y. With these results it is now possible to understandan arbitrary ratio of population to polarization decay rates
various features of thBl atontcavity system. (given by the parametdr =y /2y,). For'=1 (i.e., purely

In the case of weak intracavity field, such that the atomgadiative decay the results presented here are a simple gen-
are not saturated, the formalism given in the preceding secralization of Ref[37] to include detunings and will be com-
tion can be used to derive analytic results for the normalizeghared to the results of Sec. IV. When the decay of the atoms
second-order correlation functiogf?)(7). This is possible is not purely radiative, for example, due to collisions or ho-
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mogeneous broadening mechanisms, the pure-state factorizavaluate possible experimental limitations it is important to
tion described in Secs. Ill and IV cannot be applied. Sincehave an estimate of the deviation from the ideal case.

the stochastic dynamical model is not restricted in this sense,

it is useful to calculate the correlation function here and,

together with the comparisons that can be madelTferl, C. Linearized theory in the weak-field limit

obtain at least a qualitative feeling for the effects of nonra- ) S

diative decay processes. Recent atomic beam experiments When the intracavity field is very weak compared to that
have, for example, remnant transit broadening caused by tHeeded to saturate the atoms it is possible to simplify the set
finite interaction time of the atoms as they cross the cavityof €quations given in the preceding section by assuming the
waist; this can be modeled as broadening process which efteady-state inversion to be constant — 1. In this case the
fectively alters the polarization decay rate and thud™. To  drift and diffusion matrices can be written as

Cc
—u(1+i0) 0 ZMT 0
C
0 —u(1-i0) 0 M=
1 T
A=< :
2 1+A2 0 1+iA (66)
VT(1+42) r
1+A2 1-iA
0 _— 0 -
VT(1+42) r
|
and third-order moments are zero. In contrast to H&f7] the
higher-order(fourth order in field or of order N? in system
0 0 O 0 “size” ) terms will not be dropped. Although this would ap-
0 0 0 0 pear to be an inconsistent treatment of the fluctuations, it will
NG I be justified later and showa posteriorito be a sensible
D=BB'=——— | 0 0 1-iA -1 . approach. These fourth-order field fluctuation correlations
N(1+A?) can be written as products of second-order correlations,
r— which gives for weak fields
00 1+ia 0 0 0 0 ~0 02
67 lim g@(0)=1+ [G11t Gt 2G5+ G11Gort G
02 !
X—0 1+ Gy,
We now have the necessary equations to investigate the pho- (69)

ton statistics of this system.
WhereGﬁ denotes the component of the correlation matrix
VIl. DELAYED COINCIDENCE RATES [38] in the limit X—0, e.g.,G%;=limy_ o[ (AaAa)/X?]. For
FROM STOCHASTIC DYNAMICS =1 we find thatG},=G2,=0 and by definition G}

_ 0 :
The normalized second-order intensity correlation func-— G2, so that the above may be written as

tion is given in general by

|1+G3/% (70)
2y (3778%) This simple result can b d to that found |
92(0)= —— is simple result can be compared to that foun th_ﬁ]
(a'a)? for the correlation function of the transmitted intensity in the
o . limit of a single atom interacting with a strongly damped
=1+(nX*+(Aa'Aa)) " {4nX3(:(AA})?) resonator field modéhe “bad-cavity  limit in the language
2 P, Ap2A A2 of the optical bistability literatune The form of the correla-
+2ng°X[{(Aa")“Aa)+c.c]+((Aa")"Aa%) tion function has the important property that it is bounded by
A zero, as must be the case. This was not so, for example, in
— T 2 ’ ’ 1]
(Aa’Aa)’} 68 earlier work, and the failure of the linearization was sus-

) s, 1n pected to be the cause of this problem, since it arises only for
where the colons denote normal ordering ahg=3(a’  very small system sizes:( or N smal). The difference here
+a) is the field quadrature in phase with the driving field. can be simply traced to the higher-order fluctuation terms
The fluctuations are assumed to be Gaussian and thus titfeat were retained in the derivation of E@8), and thus
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2 ods of calculation, one of which is not based on a system size
expansion. We see that there is good agreement between the
linearized theory and the pure-state results for as few as 20
l atoms. The agreement is even better in the good-cavity limit
(k—0), where the saturation photon number is quite high,
and the relative size of field fluctuations is smaller.

A. General time-dependent solution
in the linearized approach
It is very useful to notice that the result given by E@2)
is exactly that of Ref[37] if we let k— k(1+i¢)=« and
y—y(1+iA)=" (and thereforeu— p=2«/y and C—C
=g°N/ky). With this remark, and keeping in mind the
0 4 8 12 16 modulus square form of the correlation functidn= 1), the

N full time-dependent second-order intensity correlation func-
tion can be written simply, following Ref37] as

FIG. 3. g?(0) as calculated by three methods. The solid line is
the pure-state theory, the dashed line is obtained from a linearized

_ ed rom & 2 p 2
theory with second-order terms, and the dotted line is obtained from g?(r)=

1-==_~ e~ WA (u+t1)r

the usual linearized theory. All curves are fpry= «/y=1.0. N u+11+2C
~ 2
. . . arr . . . _ - + 1 -
provides the first Justlflcatlpn of that assgmptlo_n. This mod < | cosht 7+ K "~ sinh@ir|| | (73)
squared form was found in the calculation using the pure- 40
state formalism in the weak-field limit.
It remains now to calculate the correlatidghaAa),  where
which is straightforward using
_ 1 1. 1/2
AG+GAT=D. (72) O=|1k=-1%-3uC (74)

The result is found to be This differs from the result of the pure state formalism in the
2.C2[CB* 1 . 1. uCA* -1 factor of

—e— =+ zu®+ A+ —- ,
BaN| (912 2" 27T Ep

0 _
1~

@2 2C/(1+2C)#2C/(1+2C—2Cy). (75)
~ . ~ . . In the limit of largeN, the two solutions are the same. It is

where ©=1+i0 and A=1+iA. For A=0=0 this re- expected that there could only be agreement for this case, as
duces to the res?‘"_ of R‘?m- _ a large number of atoms is implicit in the linearization of the

ForA=0 :_0 Itis ea3|er_to_exam|ne the general featuresstochastic model. The nature of the agreement seems to vali-
O.f thg result in Eq{72). It is important to und'er.stand the date the inclusion of higher-order terms in the linearization
S|gn|f|canc§ of the terms of orderNt? aqd Why.'t IS neces- procedure. The Fokker-Planck equation was derived with an
sary to retain them. Purely from the point of view of consis-

assumption of “large” system size, i.\,large, and particu-
tency these t(_arms_ shou_ld be_ neglgcted because the FOkk‘Fé’rly in the limit of large quantum noisg;> 1, this could be
Planck equation is derived including only terms of order

1N dth it obtained f the li ved treat ¢ redicted to lead to a lack of confidence in the formalism. It
» and the resuit obtained from the finearized treaiment olg g4 me\hat surprising that the deviations from the pure-
fluctuations must necessarily follow from that. In Fig. 3

) is plotted X b h h’ state formalism are fairly small and in any case only quanti-
g'='(0) is plotted for various numbers of atoms when thee in nature. Such a result gives a certain degree of con-

2 .
1/N” terms are kept, and when they are not included. Th§ijence that when the next generalization is made, to allow

exact result from the pure-state analysis is @also shown. Weyr honradiative decayl(# 1), the linearized treatment can
see that by keeping these higher-order teg%8(0) is now g regarded as a good approximation as long as it is not
bounded by zero as it must be; it can be seen explicitly fro”bushed to extremes.

the form of Eq.(70) that the minimum for the function is
bounded by zero.

It is difficult to justify formally these higher-order fluc-
tuation terms, but it can be seen that they become important The question of the validity of the linearized theory ap-
only when the size of the fluctuations become comparable tproach with higher-order terms will be addressed now by
the mean field itself. Naively keeping terms of the nextmaking a comparison to the pure-state formalism approach.
higher order can be rationalizeal posterioriin two ways.  Since no system size truncation was made in the derivation
The first is the lower bound this sets gf?)(7), necessary of the results in Sec. IV, that will be used as our reference for
for any intensity correlation function. Second, the results sahe comparison. We have already shown that the correlation
obtained agree with those found using other different methfunction can be expressed as

B. Linearized theory and Gaussian factorization
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2)(0)=|(gla2 2igla 4 76 Now we will see if this result is obtained using the linear-
9700 =Kgla” 59" glal ¢l (76) ized theory with the Gaussian factorization theorem for the
If we write a=(3)+ A& then fluctuations. Using the general definition g#)(0) and the
, decomposition ofs we can write
(Aa?)
g(Z)(O): 1+ — = (77 <é‘r2&2>
(a) 9'2(0)= === (78)
(a'a)?
where, again, only weak fields have been considered, thus
justifying the replacement dfg| by ( ¢.d. and after some rearranging
|
Aa? Aa'?Aa?)—(Aa'?)(Aa? Aa'Aa
1+<A2>\+< i CLIGICLONCLEL)
20y @] (aha) (a")a) 79
( s <AaTAa>)2 '
(a')(a)

For weak fields(Aa'Aa)/(a")(a)<1 and if the Gaussian it is natural to keep the extra term as being consistent with
factorization theorem is invoked to reduce the fourth-ordetthe definition ofg!®/(0). We seenere as well that the terms

correlations to products of second-order correlations giving©f fourth order become important for a situation in which the
mean square field fluctuations are large and the mean field

(AaTZAa2>=<AaT2><AaZ)_ itself is small, exactly where one expects to see large non-
classical effects in the photon statistics of the light transmit-
Equation(79) then reduces to Eq77). This agreement will ted by the cavity.

be the strongest justification for retaining the terms that were The complete time dependent solution is given formally
in previous work neglected; in fact, presented in this fashiorby

_ 1+2ReGy(7)+ G 7)Gai(7) +|G1y(7)|*+ |G 7)|*

g2(7) : (80)
1+2 Re(G}£0)) +[GE40)|?
|
where been referred to as the “vacuum field Rabi frequency” and
represents the exchange frequency for excitation between the
G B ﬂ ) 1+i0)+ “ N 11+iA| hO atomic polarization and the cavity field.
”(T)_ZQ 2( i0) F2T sinhQ 7
1/1+iA VIll. PARAMETER DEPENDENCE
+2Q coshQrpexp — - +u(l+i0)
4, T In this section we will examine the behavior gf?(0)

(81) andg®(r) as a function of the various rates and detunings,
as well as the number of atoms. Figure 3 shows the depen-
with G;; as defined in conjunction with E¢69). dence ofg!®(0) on the number of atoms. Generally, we
As mentioned earlier, for purposes of comparison to exfind that the linearized theory does quite well fo¥
periment the general expression including detunings and10—100 atoms. The agreement is best in the good-cavity
nonradiative decay processes is necessaryAF&=0 and limit, as there the photon number is generally larger, and an

I'=1, g@(7) is a perfect square, alternate system size expansion in terms of photon number
would be a good approximation. In Fig. 4, we examine pho-
g@(1)=]1+Gyu(n)? (82)  ton antibunching in the system, defined gi®(0)<1. The
effect here is thag(®)(0) is actually independent of the num-
as in the pure-state case. ber of atoms and still exhibits large amounts of antibunching;

The frequency() is the imaginary part of the eigenvalue it is possible to have “perfect” anticoincidencg{®(0)=0
describing the time-dependent response of the coupled atorfer an arbitrarily large number of atoms. Recall that for zero
cavity system. As was discussed in the Introduction, this hadetunings, the pure-state result
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former case, Fig. ®), there is very little sensitivity in the
size of the observable nonclassical effect to the cavity detun-
ing ®; even at® =2 there is negligible change. At the same
time, for A=2 there are no nonclassical correlations any
longer; in fact the full time-dependent correlation shows that
g@(7) for this case exhibits photon bunching, or excess cor-
relations for largeA. When k=, Fig. 5b), we see that
either a detuning o= y/2 or ® =« is very deleterious to
the antibunching. Finally, whem is larger thank, the anti-
bunching is most easily destroyed by detuning the atoms.

In the special case gk =1, and equal and opposite de-
tunings, we see that the presence of detuning may actually
enhance the antibunching, until the detuning becomes larger
than the level widths. This is exhibited in Fig.ch When we
discuss the time-dependent correlation function we will see

1/n

FIG. 4. The solid line indicates the locus of points for which
g@(0)=0.0. The region between the other lines and the solid line
indicate the regions wherg®(0)<1, photon antibunching. The
dashed line is foN=1, and the dotted line is fdd=10. The curve
for N=100 lies on top of the one fa¥=10.

(1+2C)(1-2¢)]?

@)(0)=
g7(0) 1+2C—-2C}

(83

We see that there is perfect antibunching so long @3 2
=1. As this quantity is independent of the number of atoms,
we can have perfect antibunching for an arbitrary number of
atoms. What is the meaning of this condition? In terms of
fundamental rates, we have

g° gkt yl2)

2 OBy . ()

(84

The numerator of €5 is the spontaneous emission rate into
the cavity mode, and the denominatg® is the spontaneous
emission rate out the sides of the cavity. When these rates are
equal, half of the spontaneous emission goes into the cavity
mode, and we have perfect antibunching. In terms of the
fraction of spontaneous emission into the cavity mode,

2C}
1+2C}’

(85

this condition can be expressed @s 0.5. Physically this is
when the polarization in the collapsed state is equal in mag-
nitude and opposite in sign to the driving field, for a zero
mean intercavity field. This leads to a null detection of the
second photon.

In Fig. 4, the solid line represents the locus of poifits
terms of C; and 1) for which g®?(0)=0, perfect anti-
bunching. The other curves indicate regions of parameter
space wherg(?)(0)< 1. These regions are above and to the
left of the dashed curves, and are presented\ferl, 10,
and 100.
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FIG. 5. (a) Surface plot ofg®(0) vs atomic and cavity detun-

The space of cavity and atomic detunings will be consid-ings for g/y=2.29, x/y=10, andN=100. (b) Surface plot of
ered next. As we move from the bad-cavify-¢) limitto  g®(0) vs atomic and cavity detunings foy/y=0.866, «/y
the good-cavity ft—0) limit the relative importance of =1.0, andN=100.(c) Surface plot og‘®(0) vs atomic and cavity
atomic and cavity detunings changes dramatically. In theletunings forg/y=1.0, x/y=0.5, andN=100.
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FIG. 6. g@(0) vsT for g/y=0.158, N=20, and(solid line)
«/y=5.0, (dashed ling x/y=0.5, and(dotted ling «/y=0.05.
5
the resolution to this seeming contradiction which allows for .
a “larger” nonclassical effect with detunings. Effectively ® i
there are different types of nonclassical correlation possible, g7()
two of which are competing in the case discussed here. The 3r
number of atoms has little effect on the dependence of
“loss” of nonclassical character with detuning. It tends to be 2| /\
true that largemMN will lead to less sensitivity on the cavity
detuning, but it is in general the case that the nonclassical .
effects are less sensitive to the cavity than to atomic detun-
ings.
The last parameter of interestlis which is equal to 1 for % \Z r § 8
purely radiative broadening and 0 in the limit of purely tran- b)
sit time broadening. We see from Fig. 6 that transit time N
broadening severely limits the antibunching, and may indeed s
lead to bunching instead. This is to be expected as the root of
the effect is the interference between the driving field and the
field radiated by the atom. Transit time broadening will es- 4
sentially smear out the atomic phase, erasing the interference
effects. 3
We now turn our attention to the time dependent D)
gt

g® (7). Figure 7 illustrates three different cases in which
nonclassical photon correlations appear. In Fig) We see 2L
g®(0)<1 andg®(7)=g@®(0). Thetemporal behavior is
very similar to that observed in single-atom resonance fluo-
rescence but it should be emphasized once more that in this 1
case the field is very weak compared to that needed to satu-
rate the atomic transition, and the oscillation frequency is
independent of the field strength; this is not the case for 0 2 4 3 3
single-atom resonance fluorescence, where the Rabi oscilla- ©
tions p(edlcted theo_re_tlcal!y and obsezrved experlmentglly are oo 4 @ g@(7) vs 7 for g/y=0577, kly=05, andN
a function of the driving .f|eld,QRoc|E| . Here, the oscilla-  _ 54 (b) g@(7) vs 7 for gly=1.06, k/y=0.5, andN=10. The
tion frequency is de.termln.ed by the CO"ec“V_e COL.JpI"_]g Pa-egion between the dashed lines denotes the allowed values of the
rameteryNg, a manifestation of vacuum-Rabi oscillations. cqorrelation function for a classical fieldc) g@(7) vs = for gy

In Fig. 7(b) the time dependent correlation function starts—1.10, «/y=0.5, andN=2. The region below the dashed line
at 7=0 at a value 2-g?(0)>1 then decreases to zero at denotes the allowed values of the correlation function for a classical
some finite time delayr’. From the Cauchy-Schwarz in- field.
equality it can be shown that for a classical stochastic pro-
cess[60] Written in terms of intensity fluctuations about a mean, it is

possible to write

=}

O1(t+n)=<(I1(1)?). (86) 9@ (n)—1|<|g@(0)—1]. (87)
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FIG. 8. g®@(7) vs r for the fluorescent field forg/y
=1.06, x/y=0.5, andN=1.

Therefore sinceg®(0)<2 the observed behavior in Fig.
7(b) is in violation of the classical inequality for aft for
which |g@(7)|=g(?)(0).

We also see that the large peak in Figo)7aroundr=1 is
nonclassical, agy®(7)—1>g@(0)—1. Further, in Fig.
7(c), we see that the peak iff?)(7) aroundr=2.5 is non-
classical, but the zero ig®(7) nearr=1 is not. We refer to

FIG. 9. g@(7) vs for g/ y= k/y=1.0, with (solid line) N=1,
(dashed lingN=10, and(dotted lineg N=100.

probability of there being a second photon emitted from the
cavity. Essentially, as expected, for largethere is noN
dependence ig®(0), but forsmall coupling strengths this

is no longer the case. In the oscillatory regime, there is some
N dependence, in that the vacuum-Rabi frequency depends
on the number of atoms. The size®d#&/ « is independent of

the number of atoms for large and/or largeg, and is on the

values ofg®(7) in excess of those allowed classically asorder of unity, but the number of zeros g4?)(7) will de-

overshoots, and undershoots are definedy@r) values

pend on the vacuum-Rabi frequency.

below that allowed classically. This overshoot has recently In the strong coupling regime, as seen ab@é®,(7) may

been observed by Mielke, Foster, and Orof46]. A com-

oscillate many times before relaxing to unity. In this regime,

plete discussion of the nonclassical nature of the behavidf is found that it is possible to have several zeroes in
was given by Rice and Carmichael in the context of a single?(7). This is exhibited in Figs. 1@)—10b). The interpre-
atom in the bad-cavity limif42], and generalized by Car- tation of this is exactly the same as in the bad-cavity limit.
michael, Brecha, and Rice to the many-atom d@ The Recall that this mean field is the superposition of the coher-
interpretations there included self-homodyning of squeeze@nt driving field and the out of phase polarization field. In the
dipole radiation with the driving field, or alternatively quan- bad-cavity limit, we found that as the mean field relaxed to
tum interference of the driving field and the polarization afterits steady-state value it passed through zero, and at this time
the collapse of the wave function upon detection of the firs& second photon could not be emitted, leading to a zero in
photon. In order to demonstrate that it is indeed an interferg‘®(7) at a nonzero delay time. In the oscillatory regime, the
ence between the coherent driving field and the field radiatednly new feature is that relaxation to the steady state is os-
by the atom that is responsible for this effect, we plot in Fig.cillatory, leading to the possibility of multiple zeroes in
8 the correlation functiog®(7) for the fluorescent light, for g‘®(7) at a variety of delay times. Due to the simple form of
the case of a single atom. We see th&?(7) for the fluo- g(z)(r), it is easy to construct a map i@—1/u space to
rescent light vanishes at zero delay time, as the atom canndenote the number of zeroesgf?)(7). We may write
simultaneously emit two photons; this is just the antibunch-

ing seen in resonance fluorescence, here with a cavity en- gD (r)=[1+]|cyl(erH¢+e T14)]2, (89
hanced rate for relaxation to the steady state. There are no

subsequent zeros in this correlation function for any choiceThe derivative ofg‘?)(7) is given by

of C,. Increasing the number of atoms only decreases the

antibunching, essentially proportional to-1/N as in reso- g?' (1) =2[1+]c,|(er T ¢+ eAZT*Wﬁ)]

nance fluorescence; there still appear no zeros at subsequent

times. x{|ca[AeTIP L\ T4 (89)

In Fig. 9 is shown a progression of curves as the number
of atoms is varied from 1 to 100. AN (and thereforeC) is  We see that we may have a simultaneous ze3l(7) and
increased the value @?(0) is seen to show only a weak its first derivative under the condition
dependence, as was to be expected. Nrerl0 there is vir-
tually no change in the zero time delay correlation. There is
a greater change in the excess correlation seen for a finite
time delay, and there is as well a larger number of multiplewhereX; and\, are the real and imaginary parts ©f We
zeros or points at which, for a finite time delay there is zeromay, for a particular value df pick a value ofC; and use

2|calexp{[N /N [(21+ 1) 7241} =1, (90
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10 FIG. 11. Successive appearance of zeroeg‘fi(7). The left-

most curve indicates wheg®(0)=0.0. To the left of this curve
180 one zero appears ig?(7) at some delay time. Each additional
) curve indicates where another pair of zeroes appears.

linewidth. In order to understand this sensitivity, we examine
a parametric plot of the real and imaginary parts of the quan-
N tity whose squared magnitude yield$)(7). This would be
1+Re(Aal/a) and IMAa/«). The singular nature of the
60 - zeroes irg(?)(7) is evident when we realize that both the real
and imaginary parts of this quantity must simultaneously be
zero forg®)(7) to be zero. For zero detuning, the imaginary

120 |

lll
.
=

0 N part is zero, and the trajectory of the parametric plot repeat-
0 4 8 1216 edly passes through zero, Ko/« is large enough. When
(b) T detunings are introduced, the parametric explores the com-
FIG. 10. (8 g@(7) vs 7 for g/y=1.44, x/y=0.138, andN plex plane. This is qu simply to the beating of the pplariza—
=1. (b) g@() vs r for gly=2.04, x/y=0.278, andN=1. tion field and the driving field , as they no longer oscillate at

the same frequency. For a detuningo&0.5 and®=0.0

] ] [Fig. 12a)], the trajectory is always significantly away from
Eq. (90) to find the value of I at which another new zero (—1,0), the place corresponding ¢%)(7)=0.
appears ing®(r). The result is a series of curves For equal detuningsA=0=0.5, Figs. 1%), nearly all
—1/n space that denote the appearance of another zero fpnclassical effects are absent, and the trajectory does not
g®(7). For a fixedC, decreasing 1 below the value on oscillate along a line, but more of a cuspy figure that rarely
one of the curves results in a correlation function with a pairpasses near zero for tunings along the order of half a line-
of zeroes very close together, @$)(7) “bounces” off the  width.
time axis. The region above and to the left of the rightmost \When we consider equal and opposite detunings, with
curve in Fig. 11 indicates the region where there is always & 1, we find the surprising result that the nonclassical behav-
zero ing?(7). The next curve to the left indicates where aior remains, and indeed we now have antibunching where
second zero appears. To the immediate left and above thikere was bunching for zero detunings, as seen earlier. In
curve there are three zeros. Subsequent curves denote thg). 12e), we see that the nonclassical behavior persists in
appearance of a new pair of zeroes, which are degenerate @me. Mathematically, this stems from the fact that for this
the curve, but split into a pair of zeroes to the left and abovsituation, the complex vacuum-Rabi frequency is still com-
the curve. Increasing the number of atoms increases thgletely imaginary, and so the overall decay constamt @f o
vacuum-Rabi frequency\{Ng), and therefore for a larger is not too much different than in the case of nonzero detun-
number of atoms, the relaxation to steady state occurs atiags. Physically, with equal and opposite detunings, the
higher frequency leading to more zeroesgiR)(7). state§0+) and|1—) are equally split above and below the

With detunings added, we must consider a complicatedaser field.

solution so we will now proceed to some pictures. In Fig. In the good-cavity limit, characterized by a cavity line-
12(a), for 2k=y=g we showg®(7) for A=0.5 and® width that is narrow compared to the atomic linewidth, the
=0.0. We see that detunings on the order of half the linesize of nonclassical effects, such as antibunching, are small.
width is deleterious to the nonclassical effects. The dip toA plot of g‘?)(7) in this limit is exhibited in Fig. 183). This
zero is gone, and in fact the undershoot is gone as well. Thimit is characterized by a large saturation numbgrand as
overshoots that follow are still present, but are reducedsuch the usual linearized small noise theory should apply,
These disappear fully when the detuning is on the order of and in fact the pure-state and linearized results are nearly
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FIG. 12. (a) g'@(7) vs 7 for g/y=1.0, k/y=0.5, andN=230. The solid line is forA=0.5 and®=0.0 and dashed line is for zero
detunings.(b) Parametric plot ofAa/a for g/y=1.0, x/y=0.5, andN=30, A=0.5, and®=0.0. (c) g@(7) vs 7 for g/y=1.0, «/y
=0.5, andN=30. The solid line is forA=0.5 and®=0.5 and the dashed line is for zero detunin@. Parametric plot ofA a/« for
g/y=1.0, x/y=0.5, andN=30, A=0.5, and®=0.5. (e) g@(7) vs 7 for g/y=1.0, x/y=0.5, andN=30. The solid line is forA
=0.5 and® = —0.5 and the dashed line is for zero detunings.

identical. In this limit, quantum fluctuations are a small per-response of the system, and so quantum noise is not as im-
turbation on the semiclassical steady state, and there is littleortant in this limit as in other parameter regimes. It is ob-
departure from coupled oscillator results based on a semisous that the linearized theory works well here.

classical analysis. It takes many photons to effect a change in In the bad-cavity limit, Fig. 1@), nonclassical effects can
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FIG. 14. g@(7) vs 7 for g/y=0.31, x/y=0.5, andN=100.
These are presented f¢solid line) I'=1.0, (dashed lingI"'=0.9,
(dotted ling I'=0.7, and(short-dashed linel’=0.5.

In Fig. 14 is shown the time-dependent correlation func-
tion for parameters similar to those of recent experiments,
with each curve representing a different valuelof From
g”@) this it is apparent that it is desirable to allow the atoms to
interact with the cavity field for a time long compared to the
04l atomic lifetime and thus eliminate transit broadening. The
obvious solution to this problem is to use atoms that have
been either cooled or even trapped. Recently two groups
have demonstrated the feasibility of dropping cooled atoms
through a cavity, which makes the transit time broadening
completely negligibld61,62.

An example of the results of the stochastic differential

(b) T equation numerical solution discussed in Sec. VI is shown in

FIG. 13. (8 g@(r) vs 7 for g/y=1.0, k/y=0.01, andN=1. Fig. 15. Pa_lrameters are chose_n to be sim_ilar to those of re-
The solid line is for the pure state theory and the dashed line is th€€Nt €xperiments by Fostet al; in our notation the relevant
result of the linearized theoryb) g (7) vs 7 for g/y=5.0, x/y  Values areN=10, C=10, andu=1. The qualitative agree-
=50.0, andN=100. The solid line is for the pure state theory and ment between the SDE results and those of the pure-state

0.8

0.0 L
0

the dashed line is the result of the linearized theory. theory and the linearized theofglso shown on the plot as a
dashed curvkeis very good.
be quite dramatic; perfect antibunching, for example. In the 32
bad-cavity limit, the saturation photon number is much less
than 1, hence one photon has a big effect on the system It
dynamics. In this regime, quantum fluctuations are quite im- 2
portant, and the linearized theory is quite inadequate. Indeed, o
for Fig. 13b), we see that the linearized theory predicts less () {\
than 0.1% antibunching, while the true result is maximal
antibunchingg®(0)=0.0. Results obtained here agree with 16}
the results of Rice and Carmichael by adiabatic elimination
of the field.
Finally, the case of nonradiative decay of the atoms will sl
be considered. Fdr+1 the amount of nonclassical correla-
tions decreases as a function of increasing homogeneous
broadening. We investigate the effect of transit broadening \
on the nonclassical correlations by considering the result of 0.0 = 3 p 5 1
this mechanism to be an increased transverse decay rate
Thus I', which has until now always been taken equal to '

unity for the time-dependent correlations, will be taken as a F|G. 15. A comparison of thésolid line) pure state theory,
parameter to be varied. In practice it will be defined by the(dashed linglinearized theory with higher order terms, agubtted
geometry of the system and it is desirable to keep it as neaihe) simulations of the stochastic differential equations in &d).
unity (purely radiative broadenings possible. The parameters agf y=0.7071, «/y=0.5, andN=10.
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IX. CONCLUSION this to be done. The “justification” of the linearized theory
with the addition of 1IN? terms(inconsistent with the origi-

hot tatisti f thal-atom/cavit ¢ ith atomi nal derivation of the Fokker-Planck equation in the positive-
photon statistics o -atom/cavity system, with atomic p representationis found by a comparison with the pure-

and cavity decay, and a classical driving field. These incmd%tate formalism in the limit of no transit broadening (

9(2)(O)<_1 and a positive slope fa®(7) att=0,aswellas  _1) The agreement between this stochastic model and the
the vanishing ofg'?(7) for a nonzero delay time. The non- resyits of the pure-state formalism is striking even For
classical effects are essentially independent of the number af 5 thjs is surprising as the limiN—c is taken in the
atoms for largeN, and thus persist for macroscopic systems.stochastic model.
The nonclassical behavior occurs when the “cavity QED The conclusion to be drawn from all of these results is
condition,” (y— y)/y~1, is fulfilled, and are thus dynami- that the Fokker-Planck equation approach, although using
cal rather than structural in nature. That is, these cavity QEDhe assumption of a large number of atoms, can be used with
effects are beyond simple modifications of linewidths andsome confidence for this system even with a relatively small
lineshapes. N. This is of some use because even though the pure-state
We have given the formal procedure behind the pure-statE®Sult is exact and compact, it is restricted to the purely ra-
formalism used in previous work43], which holds even diatively broadened case. FBe~ 1, the linearized theory can
though we consider a dissipative system and we have dide used to make predictions, and to compare to experimental
cussed the physical reasons for the effectiveness of this afesults orN=10-100 atoms.
proach. We have discussed the nonclassical behavior of this
system in terms of quantum interference of probability am- ACKNOWLEDGMENT
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_(K> ), noncla;swal fluctuations are quite prominent. ThlsWOuld not have been possible.

is understood in terms of the saturation photon number,

which is large in the good-cavity limit, and small in the

bad-cavity limit. In the latter case, a single photon change

the behavior of the system appreciably, and hence quantum

fluctuations play an important role in determining system \we begin with the master equati¢®) written out in full:

dynamics. In the good-cavity limit, small fluctuations of one

or two photons do not appreciably alter the system, hence the - Coa : N . oA :

limitation of the size of the nonclassical effect. The nonclas-®~9 a*}j: ol —a% §]: al |p—gp(@'sjol —a3;ol)

sical effect is extremely sensitive to atomic and cavity detun- . . o A

ings; detunings of approximately half of the respective line- +E(a'—a)p—Ep(a'~a)+(y/2)[2j20) po’, — 3 alp

widths will seriously affect the nonclassical effect. This has _ s _i_ A At _AtA._ Ata

been explained in 2':1 graphical manner. This has serious im- pxjoz—Nplt«(2apa’—a'ap—pa‘a). (A1)

plications for experimental realizations of this model, mak-For the field, we use the usual Fock state basis

ing the precise locking of atomic and cavity resonances para-

mount. |0) |1) |2). (A2)

We have also examined a stochastic model for this system

that goes beyond the normal quantum theory of optical bifor the atoms, we use the states

stability in that higher-order fluctuations are considered. The 10) 4= | — N/2)

treatment is justifiech posteriori by the agreement of this AT ’

stochastic model with results of the pure-state formalism, as 1) 4= [k; — N/2+ 1), (A3)

well as a Gaussian factorization ansatz.

It is useful to compare the different theoretical approaches 12)a= [k, I; — N2+ 2)
taken in this paper. This will serve to identify the limitations AT '

as well as the strengths of each. First, perhaps the most comfme |apels— N/2,— N/2+1,— N/2+2 denote the inversion
plete model is that provided by the stochastic differentialgigenvalues for these states, and the lab&l$) (denote
equations. The rigorous numerical solution of these equagnich atom is in the excited state if any, aridl( can sepa-
tions has the limitation of becoming cumbersome for 'argerately take on any value from 1 t, the total number of

numbers of atoms, and at the same time, of being limited a%;oms. In terms of atomic states for individual atoms, these
the other extreme of small atom number by linearization aspacome

sumptions. The analytical linearized theory presented here

has the same limitation for small atom numbers, however,

we find in both cases that evéi=5 allows for at least a i=N2y =11 |-);,

qualitatively correct solution, as compared to the pure-state .

formalism. The linearized theorywith the inclusion of ) B

higher-order fluctuation termsllows for a reasonable com- [k; —N/2+1)= H |_>i|+>kH =) (A4)
parison of theory to experiment, since in all experiments to

date, transit- broadening-induced polarization decay must be K.1:—N/2+2) = IR V|4 .
accounted for. The pure-state formalism does not allow for [kl ) H =il >kH il >'H =)

In this work we have examined the nonclassical

éPPENDIX A: DENSITY MATRIX ELEMENT EQUATIONS
IN THE WEAK-FIELD LIMIT
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These states correspond, respectively, to 0, 1, and 2 excitede all equal for alk so long ad is not equal tck. So here,
atoms. Now our combined basis set, truncated at the twowe have two cases to consider, whirel, andk+#1. So we
photon level in keeping with our desire to obtain results inlabel our density matrix elements in the following manner:

the weak-field limit, is .
Prmj k=Nl a(m[p|j)K)a- (A8)

0)]; =N/2), Here, we have 28 independent density matrix elements, with

) 21 coming from the fact that we have essentially a six-state

DI =N2), basis, and an additional seven coming from the keeping track
10)|K: = N/2-+ 1) (A5) of k andl. For example, consider the matrix elements

(1[(k; = N/2+ 1| p| 1|1 (1 £ K); — N/2+ 1),

12 =N72), (k= N2+ 1p| 1 (1 =k) N2+ 1), A9

1)k —N/2+1), These two matrix elements are not equal in general, and to
|0)|K,I; — N/2+ 2). S||mpI|fy our notation, we shall refer_to them A%,.14, and
p11:.11 respectively. All other density matrix elements that
Again, here the first state corresponds to zero quanta excitd'® not uniquely defined by the subscripts will carry ther
tion, the following two correspond to two quanta of excita-! distinctions, for like and unlike atoms, respectively. The
tion, and the last three correspond to three quanta of excit2"ly exception will be the following two-photon matrix ele-
tion. There are #(N+1)+(N(N—1)+N+1)=N2+N  Ments,
+3 states in this basis. However, since the atoms are as- pho-0= (O[(K,I; = N/2+ 2| p| 1) K, I; — N/2+ 2),
sumed to be identical, and to interact with the field via the ’
same coupling strengi) one can greatly reduce the number p'0“2;02:(1|<k,l ;—N/2+2|p|1)
of density matrix elements that must be considered. Essen-

tially, we only need keep track of the states with bktand X[k,m(m#1), or m,I(m#k);—N/2+2),
| labels, and there will be several cases that are distinct, (A10)
corresponding t&k=1 or k#1. We consider a few examples
here: poz.o=(1l(k,I; = N/2+2|p|1)
(O[(; —N/2|p|0)[k,I; —N/2+2) (AB) X|m,I(m#k), or n,I(n#k);—N/2+2).
are all identical for all andk, and We must now examine the equations of motion of these den-
sity matrix elements, using the master equatién We ar-
(2](; =N/2|p|0)|K,I; = N/2+2) (A7)  rive at

: |
poo;00= ~ 2Epoo;10t N¥po1,01+ 26p10;10,
000.10= N -E —\2E +Nyph..1+22 — +E
Poo;10 9poo;01~ EP10;10 Po0;20 YPo1;11 KpP10;20~ KPoo;10" EP00;00s
P00:01= — 9P00:10~ EP10:0~ Epoo.1r+ (N—1) y— EP|o1;01_ (¥12) poo.01t 26— Ep10;11,
P00 2= V2N oo 11— Ep10:20+ V2EPoo;10~ 2KP00:20:
boo;llz - \/Egpoo;zo+ (N=1)9p00.0— Ep10:11+ Epoo. 01~ (¥/2+ k) poo: 11,
boo;ozz - 29900;11_ EPlo;oz_ YPo0;02:
p10:10= 2NGp10:01F EPoo: 10~ 2V2E 2010+ Epoo 10+ N 7’»0|11;11Jr 4K P20,20~ 2KP10;105
p10:0=(N—1)9pS1. 01t I(pby. 01— —2Epor.20- Ep1o. 10t Nyphy. o (y/2+ +2\2 +E
p10;01= ( 9p01:01 9(Po1:01~ P10:10 Po1;20~ Ep10:11+ N¥p11.00— (7 K)P10;01 KP20;117 EPoo; 01
. |
p10:2= (N—1)9pos1.20+ 90120+ V2N 9p10;111 Epoo; 20~ \/EE(on;zo_ P10:10 — 3KP10;20T V2N 9p10:11,
b10;11: (N—1)gpgs.11t 9P|01;11_ \/Egplo;zo+ (N=1)9p10.02T E(poo: 111 P10;00 — \/EEPZO;ll_ (yI2+2K)p10:11s
p10.0=(N— 2)9po1.02t 29P|01;oz_ 29p10;11 Epoo.02— \/EEpzo;oz_ (y+ &) p10:02:

b|()1;01: —29p10:01~ 2EP|11;01+ (N— 1)P|0|2;02_ J’P!n;of" 2KP|11;11- (A11)
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b31;01: —29p10,00~ 2Ep11. 01T (N— Z)Plouz;oz_ YPov0rt 2KP11; 11,

Po1.2= — 9p10:20t (N—1) \/591031;11+ \/§9P|01;11_ Epi1.00t \/EEPOl;lo_ (Y12+2k) po1.:20,
b|01;11: ~9pP10;117 \EQP01;20+ (N- 1)9P|01;02_ E(plll:ll_ P|01;01) —(y+ K)P|01;11.
PO111= ~ 9P 1011~ V29P01:20T 9P01: 05+ (N—2)8p81: 05~ E(Pi111— PO:00 — (¥ + K)plyass
b|01;02: ~9p10;02~ 9P|01;11_ 9p01;11~ Ep|11;02_ (37/2)P|01;02’
b|01;02: —9p10,02~ 29P01;11~ EP11,02~ (37/2) poy; 021
P20:20= 22N Gp 0.1+ 2V2E 1020~ 4K 20,20,

P20:17= V2NGp11:11~ V20020207 (N=1)8p20,05+ V2Ep1o:11— (¥12+ 3K) pao,+ Eporzo,
P20:07= V2(N- 2)gpi10at 2 \/Egplll;oz_'— \/EEplo;oz_ (v+2K)p20;02:

P11.11= ~ 2V29p20.11+ 2(N—=1)gph 1 o5+ 2Eppg.a1— (¥ 26) 1.0
Pi1a™ —2329p20.11+ 20p11,05+ 2(N—2)9pi1,05+ 2EpGy. 11— (¥+2K) piy s,
blll;ozz 9P32;02+ g(N— 2)P|0uz;oz_ \/Egpzo;oﬁ' g(N—=2)p2p.05— g(PI11;11+ pi11)t Ep|01;02_ (3yl2+ K)Plll;ozy
blfl;ozz 291’|ouz;02+ 9(N—3)poz.0~ V2g+g(N- 2) p20,02~ 29p11: 117 EPo1:05~ (3¥/2+ k) pi1.02:
bgz;ozz - 49P|11;02_ 23’932;02
b!)uz;ozz - 29P|11;02_ 29p11;00~ 27’sz;02’

1.135;02: —49p11.0 2YP02:02-
We now scale time in units of the atomic lifetime and introduce the scaling ansatz

n+m)/2; +m+1+k
el SV ST

Pn,I;m,

Keeping only terms to lowest order i¥y we have the following set of equations:
poo;oi=0,
P01 \2Cpoo;10~ (412) poo; 10~ (1/2) poo;o0s

pooor= — 1/22pgo. 10~ (1/2) pog;on,

Poo;20= 21 Cpoo+ (4 N2) poo; 10~ poo;20,

Po0:11= — (112) poo; 20t V2uC(1- 1/N) poo: 02t m/2p00.01~ (1/2) (1+ w) poo:11
Poo:o7= — (1N2) poo, 11~ (112 poo.o2.
blO;lO: 2 \/EIU«CPlo;m+ MPoo;10~ MP10;10
b10;01: V2uC(1- 1N)poy.ort \/EMC/Nplol;Ol_ ( 1/2\/§)P10;10+ w12po0.01— (L12)(1+ ) p10:01,

p10:20= V21 CpY1. o5+ 2Cplo 11+ (412) oo 20— (3112) 1020+ (14/N2) p1o:10s

2413

(Al12)
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P10:11= V21 C(1= UN) gy 117+ V21 CINpgy 11~ (112 p10;20+ V2 C (1= UN) paosozt (42)(pasiort pooia) ~ V2E 2011
—(1/2)(1+2u1)p10:11,
P10:07= V2uc(1- 2IN) pgy. 0o+ 2\/§MCP|01;02+ (12) poo.02— (1+ pl2) p1o,0— (1\/5)910;11,
po1.0= — (LN2) p10,01~ Pbs: 01
Po1.0= — (IN2) p10,0— P01,
Po1:2= — (1/2\/§)P10;2o+ 2uC(1—=1/MN)pgy.41+ ZMCP|01;11+ (! \/E)Pomo— (1/2)(1+2u)po1.20s (A13)
A V2 B 2 B | L |
Por.11= — (U2V2) p10;11~ (12) poy;20t V2 C(1 = 1IN) poy 05t (112) pog;01— (14 m/2) poy. 11,
ol 1= — (1I22) p1o:11— (112) por- 2t (V2 LCIN) phy.ost N2 C(L— 2IN) ply. oot (1212) piy.op— (1+ wl2) pl
Po1;11 P10;11 ( Po1;20 (N2 Po1;02 nC( Poz1;02 (p Po1;01 ( ML) Po1;110
Por0= — (1U22) p1o.00— (1122) pos 11— (11212) py.11 (312 s 0
b31;02: - (1/2\/5)1)10;02_ (1/\/5)1331;11_ (3/2)#4)31;02’
bzo;zo: "r,U«Con;ll+ \/EMPIO;ZO_ 2#«920;20,
bzo;u: 2uCpi1.11~ (1/2) poo. 20t V2ucC(1- 1IN) p2o.02t (u/ \/E)Plo;ll+ (12) po1:20— (1/2)(1+ 3 1) p2o; 11,
p20;0= #C(1— 2IN) pi1. 05t 4MC/NPI11;02_ (1/\/§)on;11+ (el \/E)Plo;oz_ (14 1) p20:02,
o 1= — paort 2V2uC(1— UNY Pl oot sephy 1= (1 p)pliy.got pup?
P11;11 P20;11 M P11;027 MPo1;11 M)P11;11T MPo1;11:
pir1= — P20t (22 CIN) iyt 2424 C (1= 2IN) pliy, oo (1+ ) Pl 0,

Ph1;0= V2CINpG, 05+ V21C(1—2IN) pigh. 05~ (1/2) paoioz— (1N2) pily.11~ (1242) pla o+ (1412) piio
—(1/2)(3+ u) pi1.02:

Pi1.0= 22 CINpGh. o5+ 2 C(1 = 3IN) pis. 05~ (1/2) p 2002~ (UN2) (Pl a1+ pi1:10) + (1412) plog. 00 (1/2)(3+ ) phy- o
blolz;ozz - \/Eplll;oz_ ngz;oz,
bijuz;ozz - (1/\/5)(l)|11;02+ T 2P|ouz;02’

‘uu u _ uu
P02;02= \/§P11;02 2Poz;oz-

At this point, we construct equations of motion for quantities Sucmﬁ§’m;k‘|=(p:1‘m;k’|—plr1’m;k’|). Rather than write
down more equations, we simply state the result. The differences between like and unlike atom density matrix elements are
coupled only to each other. Hence, if we start from an initial ground state, where the differences are zero initially, they remain
zero for all times. For the rest of our analysis, we restrict ourselves to this scenario, and drop the distinction between like and
unlike atom density matrix elements. This is the result one would obtain if the atomic basis were initially chosen as the
symmetric collective state, reflecting the permutation symmetry of the atoms. We wish to point out that these quantities couple
only to one another in the weak-field limit. For example in the equatioi\fay;.o; there is a term proportional t,do'z;oz, and
hence the differences ar®t coupled only to each other, but this term is dropped in the weak-field limit as it is of ¥fjer
whereaspgy.01= Por.01= Po1:01 &€ OF Ordery2. Settingpl, w1 = Phmki» as Well a$pp i 1= Phwk = Prmk, leaves us with
21 independent density matrix elements, equivalent to those obtained by the six-state basis

|00) |10) [01) |20) |11) |02). (A14)

The equations of motion for the respective density matrix elements are given below:

Poo;00— 0,
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boo;loz \/Eﬂcpoo;or (112) poo; 10t (1412) poo; 00,
poosor= — 12\2po0.10~ (112 pogso1s
Poo;20= 21 Cpoo;+ (4 N2) poo; 10~ Poo:20:
poo:1= — (1/2) poo; 20+ V2uC(1- 1/N) poo: 02t m/2p00.01~ (1/2) (1 + p) poo:11
povoz= — (112) oo 11~ (1/2) poo; 02,
blO;lO: 2 \/Eluvcplo;m+ M P00;10™ MP10;10
p10:01= V2uCporort (12V2p10,10+ w/2poosort (1/2)(1+ 1) pagon,
p10:20= V21Cpor.20+ 24 Cporart (1412) poo;20— (31412) pro 20+ (41 N2) p1o; 10,
p10;15= V21 C(1= 1N) por. 11~ V2uCINpoy 11— (1/2) p1o20+ V2C(1 = 1N) p1gsozt (1£12) (paosort Poosad)
- \/EEP20;11_ (1/2)(1+2u)p1o:11,
blO;OZZ V2uC(1- 2/N) po1.02+ \/EMCP01;02+ (12) poo.0z— (14 ml2) p1o; 11, (A15)
i?01;01: - (1/\/5)1010;01_ Po1;01s
Po1.2— —(1/2\/5)/010;20Jr 2uCpor.art (u/ \/E)Pomo_ (1/2)(1+2u)po1.20,
por11= — (1242) p10.11= (1/2) por.20t+ V2 C(1= 1N) por ozt (412) por:or— (1+ 1/2) por:a1s
pos02= — (122) p10.0~ (1N2) por;11— (312 mpo: 02,
p20;2= 41Cp1111F V24P 10,20~ P20;20~ 21P 20,201
bzo;u: 2uCpi1.11— (1/2) pyo. 20t V2uC(1- 1IN) poo.00t (! \/E)Plo;ll‘*' (12)po1:26— (1/2)(1+3 1) p2o:11s
P20,07= V21 Cp 11,00~ (LN2) poo 11t (141 V2) paosor— (1+ 1) paosoz:
p11.11= — P20t 2V2C(1— UN)p1y.ort por— (1+ ) p1ran,
b11;02: \/EIU«C( 1—1/N)poz.00— (1/2) p2o.00~ (1/\/5)911;11"‘ (12) por.02— (1/2)(3+ ) p11.02:

Po2;02— — \/Epll;OZ_ 2P02;02-

APPENDIX B: QUANTUM THEORY OF COUPLED into a Fokker-Planck equation.
HARMONIC OSCILLATORS The essential point is that the resulting Fokker-Planck
equation has no diffusion terms. For the initRlfunction

In this appendix, we show that a pair of coherently driven, ) .
PP b y yvhere both oscillators are in the vacuum state,

damped, coupled harmonic oscillators evolves from an initia
vacuum state into the product statey(t),Bq(t)), where

a(t) andBy(t) are coherent state amplitudes that satisfy the
oscillator equations one would write down classically. One
way to prove this is to use the Glauber-Sudarshan represetfie solution to the Fokker-Planck equation is

tation to convert the master equation

P(a,8,0=68%(a)6?(B), (B2)

b_ ) [aTa p] i [61‘6 p]+g[(éT6 BTé) P] P(a,ﬁ,t)=5(2)(a—ao(t))é(z)(ﬁ—ﬁo(t)), (B‘?’)
=~ lwy Pl 1wy ; - )
1 E[(AT— ), p]+ Ko(28paT —aTAp— pata) where ag(t) and By(t) satisfy the equations

+Kb(26pE)T_E)TE)p_p6T6) (B1) d0=—(Ka+iwa)a0+ 9Bot ¢, (B4)
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Bo=— (kp+iwp) Bo+gao. (B5) not reproduce the dynamical effects seen in the photon_ sta-
tistics. If the system is modeled as a pair of coherently driven
These are the semiclassical equations that one obtains ippupled harmonic oscillators, both the field and the atom
approximating the atom as a simple harmonic oscillé&e  would evolve into coherent states with amplitudes that sat-
the Schwinger representationpon factorization of equa- isfy semiclassical equations of motion, and hert@(7)
tions of motion for expectation values. These equations will=1 for all delay times. Hence there would be no nonclassi-
reproduce all of the structural effects of cavity QEDe.,  cal effects such as photon antibunching, sub-Poisson behav-
linewidth and level shifts but as we have shown, they do ior, or the vanishing ofy®)(7) at a finite delay time.
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