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N two-level atoms in a driven optical cavity: Quantum dynamics of forward photon scattering
for weak incident fields
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We investigate the photon statistics of the light transmitted from a driven optical cavity containingN
two-level atoms, with emphasis on the weak driving field limit. This limit is of most interest from the point of
view of quantum fluctuations. We find that various types of nonclassical behavior are possible, even with large
numbers of atoms in the cavity, under conditions of strong atom-field coupling, which we refer to as the cavity
quantum electrodynamics limit. We describe the system with a pure-state formalism valid for weak fields, and
also use a Fokker-Planck equation obtained by a small fluctuation linearization. We examine the conditions
under which the linearized theory is appropriate, and explore the sensitivity of nonclassical effects in the
system to atom number, transit-time broadening, and detunings.@S1050-2947~99!04803-9#

PACS number~s!: 42.50.Ct, 42.50.Lc, 42.50.Ar
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I. INTRODUCTION

In this paper we report on extensions of previous work
dynamical cavity quantum electrodynamics~cavity QED! ef-
fects, namely, the photon statistics of an ensemble of t
level atoms inside a driven optical cavity. The field of cav
QED can be said to have been born more than 40 years
with the prediction by Purcell@1# that the spontaneous emi
sion rate for an atom inside a conducting cavity can
greatly enhanced in comparison with the rate in free spac
the dimensions of the cavity are of the order of the transit
wavelength. The subject was only of theoretical interest u
experimental techniques became available to observe
effects. In the first such measurement, Drexhage@2# observed
the enhanced and inhibited decay rates of dye molecule
cated close to a dielectric surface. This effect can be in
preted as the reaction of the molecule to the image cha
that effectively replace the reflecting surface@3#. The first
experiments with atoms in a cavity were those of Vaidn
than, Spencer, and Kleppner@4#, Goyet al. @5#, and Jheet al.
@6#. Several later experiments have been carried out to in
tigate various features of the change in spontaneous emis
rates due to the presence of boundaries which alter the e
tromagnetic field mode density from its free space va
@7,8#. Accompanying the experimental work is a large bo
of theoretical literature concerning the same subject@9–12#.
For a more detailed history of the field, as well as curr
developments, we refer the reader to the reviews of Hi
@13# and Haroche@14#, and the compilation edited by Ber
man @15#.

Another approach to what is now known as cavity QE
had its beginnings in the work of Jaynes and Cummings@16#
on the interaction of a single two-level atom with one mo
of the electromagnetic field, and extensions of that work
Tavis and Cummings to consider many atoms@17,18#. This
too was originally viewed as a purely theoretical constru
with no immediate realization in the laboratory possible, p
ticularly as dissipation is not included in the model. Ho
PRA 591050-2947/99/59~3!/2392~26!/$15.00
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ever, with suitable modifications to allow for atomic an
cavity field damping, there has been a great deal of w
done, both theoretical and experimental, to gain a dee
understanding of this fundamental, and very rich, quant
system. Experiments to observe the dynamics of this sys
include maser action from a collection of several atoms
even one atom interacting with a single field mode in a re
nator @19–23#. Nonclassical properties of the steady state
the cavity have also been investigated@23#. In the optical
domain as well as at microwave frequencies there have b
experiments to look at the so-called ‘‘vacuum-Rabi’’ spl
ting @24–30#.

Yet another class of theory and experiments relevan
our discussion is the body of literature on resonance fluo
cence, where a two-level atom interacts with a classical d
ing field. The three peaked Mollow spectrum and nonclas
cal effects such as photon antibunching and sub-Poisso
photon counting statistics have been predicted@31,32# and
observed@33,34#. A review is given by Cresseret al. @35#.
Squeezing has also been predicted@36#, but not yet observed

The model we consider here assumesN two-level atoms
interacting with one mode of a resonator of arbitraryQ, with
a driving field present, and we take into account both atom
and cavity field losses. This model can be thought of
resonance fluorescence in a cavity, the Tavis-Cummi
model with a driving field and losses added, or an extens
of previous work on optical bistability. We wish to stress th
damping is not to be considered as an unfortunate co
quence of modeling a real system, but rather as a fundam
tal property of the system we consider. The presence o
driving field and dissipation results in a nontrivial stea
state for the system. Of course the ultimate importance
this work is the possibility of testing the theoretical resu
obtained herein in the laboratory, with a real dynamical s
tem. We also stress that we will be interested in effects t
can only be explained by quantization of the electromagn
field, i.e., nonclassical effects.

In cavity quantum electrodynamics, one is concerned w
2392 ©1999 The American Physical Society
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situations in which the atom-field coupling strength~g! is
comparable to at least one of the dissipation rates se
spontaneous emission to noncavity modes (g) and by cavity
losses (k); typically this requires that the cavity mode vo
ume be small, or that the cavity enclose a large portion
4psr about the atom. We will be most concerned here w
the strong-coupling limit, whereg is the largest rate in the
problem. In this strong-coupling regime, the atom cannot
thought of as mildly perturbed by the cavity field~bad-cavity
limit ! or the field as perturbed by the presence of the a
~good-cavity limit!. Energy is exchanged between these t
oscillators several times before dissipation has a signific
effect.

There is a natural separation into two classes of phen
ena. In the first set of phenomena the emphasis is on wha
prefer to call ‘‘structural’’ properties of the atom-cavity in
teraction. Under this category we would put experiments
which alterations are observed in atomic fluorescence l
widths, a splitting of the atomic line~vacuum-Rabi splitting!,
or in which the interaction results in a shift of the syste
resonance frequency. These results can be obtained by
sidering the atom and cavity mode as coupled oscillat
indeed for weak driving fields the atom is approximated w
by a harmonic oscillator. The second type of experiment
volves investigation of the dynamical character of the ato
field system, and requires a fully quantum mechanical tre
ment of the field. Examples would include squeezing a
photon antibunching. These phenomena cannot be expla
by a simple coupled-oscillator theory. There have been s
eral review articles in which one or both of these regimes
cavity QED have been discussed@13–15#, as stated earlier.

It is this second class of systems that we wish to add
in this paper. The structural effects in cavity QED can
seen to follow from several~essentially semiclassical! points
of view. For weak fields, the atom and cavity can be view
as two coupled harmonic oscillators@41#, or alternatively the
atoms can be treated as a dielectric medium with an inde
refraction@27#, giving rise to a vacuum-Rabi splitting. Alter
natively, one can understand modification of spontane
emission due to a mirror@12# in terms of an image charg
radiating in or out of phase with the atom. Yet another w
to view enhanced and suppressed spontaneous emission
a Fermi’s golden rule argument, realizing that the mode d
sity into which an atom may emit radiation is modified b
the cavity boundary conditions. This argument is only rea
appropriate in the limit where the cavity decay rate is la
compared to the atomic spontaneous emission rate, the
called bad-cavity limit. In this limit the effect of the cavit
on the atom may be treated as a perturbation, and spon
ous emission into the cavity mode is effectively an irreve
ible process due to the lowQ of the cavity. In the strong-
coupling regime, where the atom and cavity exchang
photon several times before it is lost, a picture based
perturbation theory is not appropriate.

Usually @38,39#, one solves for the semiclassical stea
state of the system, i.e., that which is obtained from
Heisenberg equations of motion when expectation value
products are factorized, and then examines the effect
small~quantum! perturbations on these steady states. In th
theories, the small noise assumption is made, and hence
may disallow oneself of the possibility of examining the sy
by
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tem in a regime where the effects of quantum noise are s
stantial. In many cases, as for the laser and optical bistabi
the system size parameter that is used in the linearizatio
the saturation photon number,Ans5g/2A2g. The signal to
noise ratio is on the order ofns . A linearization based on the
number of atoms may still work, but this approach will n
neccessarily work for a small number of atoms. In this
gime, the coupling strength is assumeda priori to be smaller
than the atomic spontaneous emission rate. Vacuum R
splittings may still be observed ifANg is much larger than
k, the cavity energy loss rate, or ifk'g @40,41,26#. Hence
vacuum Rabi splitting isnot necessarily a manifestation o
the quantum nature of the field, although it can certainly
understood in that manner. We are interested in the ca
QED regime, which we define by (ḡ2g)/g'1, whereḡ is
the cavity enhanced spontaneous emission rate. This t
cally requires thatg@g, and hence the usual linearized the
ries, which assumens is large, may not necessarily work.

In previous work in this regime, for a single atom in th
bad-cavity limit, and for weak driving fields, Rice and Ca
michael@42# have found sub-Poissonian photon counting s
tistics, squeezing, photon antibunching, and the vanishin
g(2)(t) for nonzero delay timet. This work was later ex-
tended to the many-atom case by Carmichael, Brecha,
Rice @43#. There it was emphasized that the effect persis
for N atoms, but only if the cavity QED condition was me
In many systems, the quantum noise scales as 1/N, as, for
example, photon antibunching inN-atom resonance fluores
cence. We emphasize that as long as the ‘‘cavity QED c
dition’’ is met, the photon statistics are only weakly depe
dent on the number of atoms; qualitatively the behavior
the same as the single-atom case. Recently, photon
bunching has been observed in this system@44#. Mielke, Fos-
ter, and Orozco@45# have seen a further type of nonclassic
behavior in this system, as predicted in Refs.@42,43#. In light
of these experiments, it is important to consider this fun
mental system in more detail.

In this paper we examine the formal rationale for t
pure-state formalism used in Ref.@43#. The pure-state ansat
is used to obtain the steady-state density operator, whic
then propagated using the standard methods of the quan
regression theorem. Connections to recent advances in m
eling open systems, specifically quantum trajectory the
will be made. Further, we include the effects of detunin
and transit-time broadening, and compare with the pred
tions of a more standard stochastic dynamical model, of
sort discussed above.

The very general outline of this paper is to look at t
statistics of forward photon scattering, i.e., the light transm
ted from the cavity, from two different points of views. Fir
we will discuss the photon statistics resulting from the qu
tum dynamics of anobservedpure state, and second, in th
context of the formalism of a stochastic process in
positive-P representation@38,39#. In Sec. II we discuss the
details of the physical system considered. The formal d
vation leading to the use of pure-state dynamics even in
presence of dissipation is discussed in Sec. III. We turn
the photon statistics of the transmitted field in Sec. IV.
Sec. V, we make a comparison to coupled oscillator theo
Section VI discusses a stochastic dynamical model, wh
depends on a linearization using the number of atoms a
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system size parameter. In Sec. VII, we use the stocha
model to calculate the photon statistics, and compare
results to those of Sec. IV. In Sec. VIII, we discuss the
pendence of the photon statistics on a variety of parame
atomic and cavity detuningsD andQ, number of atomsN,
coupling parameterg, cavity loss ratek, and atomic sponta
neous emission rateg. We use the stochastic model to di
cuss the effects of transit time broadening and/or phase
stroying collisions on the photon statistics, an effect t
cannot be treated using the pure-state formalism of Secs
and IV. Finally, we conclude in Sec. IX.

II. PHYSICAL MODEL

The model to be treated is a generalization of the Jayn
Cummings atom-field interaction, including the effects
both cavity and atomic decay as well as that of an exte
driving field. The system is shown schematically in Fig. 1.
one context, this is simply the microscopic model for optic
bistability with two-level atoms in a cavity. The field an
atomic Hamiltonians are given by

ĤF5\vcâ
†â, ~1a!

ĤA5\vaĴz , ~1b!

respectively. In the rotating wave approximation the inter
tion Hamiltonian is given by

ĤAF5 i\g~ â†Ĵ22âĴ1!. ~2!

In the above,vc (va) is the resonance frequency of th
cavity ~atomic transition!. The cavity field creation and an
nihilation operators are given byâ† and â, respectively.g
5m0(vC/2\e0VQ)1/2, wherem0 is the dipole transition ma
trix element, andVQ is the cavity mode volume. The collec
tive atomic operators are given by

Ĵ65(
j 51

N

e6 ikzjs6
j , ~3a!

Ĵz5(
j 51

N

sz
j , ~3b!

wheres6 andsz are the Pauli spin operators describing t
two-level atomic system. Following standard techniques
atomic population and polarization decay, as well as the fi
damping can be described by the action of the Liouville o
erators on the density matrix of the system@38,39#:

FIG. 1. Schematic of the physical system,N is the number of
atoms in the cavity,k is the cavity field damping rate,g is the
spontaneous emission rate to noncavity modes, andg is the atom-
field coupling.
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g i

2 (
j 51

N

~2s2
j rs1

j 2s1
j s2

j r2rs1
j s2

j !

1~g i22g'!(
j 51

N

~sz
j rsz

j 2r!, ~4a!

Lirrev
F r5k~2ârâ†2â†âr2râ†â!. ~4b!

For the experiments designed to observe the effects to
described throughout this paper, visible or near visible wa
length atomic transitions are well suited, in which case th
mal photon numbers are completely negligible and thus th
terms have been omitted in the damping term. It would b
straightforward generalization to include the effects of th
mal photons, and this would indeed be necessary for a
scription of systems involving Rydberg atoms coupled
microwave cavities.

For completeness, we consider here a general formula
of the damping in which nonradiative decay processes
possible, i.e.,g iÞ2g' . Much of what we will discuss in this
paper assumes purely radiative atomic decay (g i52g'); for
example, the pure state formalism introduced in Sec. III w
only be valid in this limit. In Secs. VI and VIII we will
address departures from the purely radiative regime. S
one goal of the present work is to realistically describe
experimental situation, it should be noted here that the
parture from purely radiative decay in present experime
@44,45# is small and only quantitative differences are to
expected.

The final term to be considered is that describing the d
ing field–cavity field interaction, which is given by

ĤLF5 i\~Ee2 iv0tâ†2E* eiv0tâ!, ~5!

where E is the scaled~classical! input laser field strength
The scaling is such thatE/k is the photon flux injected into
the cavity by the driving field. We note that treating th
driving field quantum mechanically, and assuming it is
highly excited coherent state produces the same results.

The master equation for the full system is now given b

ṙ5~2 i /\!@ĤA1ĤF1ĤAF1ĤLF ,r#1Lirrev
A r1Lirrev

F r

[Lr, ~6!

which will be the starting point for the rest of the paper.

III. PURE-STATE DYNAMICS FOR WEAK FIELDS
AND RADIATIVE DAMPING

Here, we begin with equations of motion for density m
trix elements. As we are going to consider the limitE→0,
we truncate our basis set at some level. As we wish to
culate the second-order intensity correlation functi
g(2)(t), we must keep states with two quanta of energy a
minimum. We will then use the truncated basis

u00&, u10&, u01&, u20&, u11&, u02&. ~7!

Here, the first index corresponds to the number of ene
quanta in the atoms, and the second corresponds to the
tation of the field. This is an incomplete specification of t
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state of the system, as, for example, in the stateu10&, the
quantum of energy could be stored in any one of theN at-
oms. In actuality then, we have (1)1(N)1(1)1(N@N
21#)1(N)1(1)5N21N13 states here. The numbers
the previous sum represent the number of real states o
system that correspond to the generic states~7!. We assume
that all atoms couple to the field with the same Jayn
Cummings parameterg, i.e., that they are all at antinodes
the field, for example, and that all of the atoms are identic
Under these conditions one may use a symmetrized se
atomic states that reflects the permutation symmetry requ
for identical atoms, as we show in Appendix A. A relaxati
of this assumption that allows for numerical computation
described in@44#. So instead of considering a set of atom
states such as

u1&5u↓1↓2 . . . .↓k21↑k↓k11 . . . ..↓N&,

u2&5u↓1↓2 . . . .↓k21↑k↓k11 . . . .↓ l 21↑ l↓ l 11 . . . ..↓N&,

lÞk, ~8!

we define the symmetric states

u1&S5
1

AN
(
k51

N

u↓1↓2 . . . .↓k21↑k↓k11 . . . ..↓N&,

u2&S5
2

AN~N21!
(
k51

N

(
l 51
lÞk

N

3u↓1↓2 . . . .↓k21↑k↓k11 . . . .↓ l 21↑ l↓ l 11 . . . ..↓N&,

lÞk. ~9!

These are then the atomic states referred to in Eq.~7!. In this
truncated basis we then have 21 independent density m
elements. Initially, we restrict our calculation to zero atom
and cavity detuning, and hence these density matrix elem
are all real. In Sec. VIII, we shall return to the effect of the
detunings on our results. We also consider the limit of pur
radiative broadening here, and address the ramification
the relaxation of that assumption in Sec. VIII. The set
equations that must be solved are then given in Appendix

Here we defineC5Ng2/kg and m52k/g, and time is
scaled byg/2. The density matrix elements are scaled
cording to the relation

rn,l ;m,k→ns
~n1m!/2Y~n1m1 l 1k!rn,l ;m,k , ~10!

whereY is a dimensionless driving field andns5g ig'/4g2

51/4mC1 is the saturation photon number.
At this point, we examine the possibility of using a pur

state description for the dynamics of this system. In the o
atom case, in the bad-cavity limit, we have previously solv
for the steady-state density matrix elements, and find
they are consistent with a pure-state factorization of the d
sity matrix. Outside the bad-cavity limit, numerical resu
indicate that this is still the case. Here, we wish to see if
density matrix for this system can be represented by

r5uc~ t !&^c~ t !u. ~11!
he
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As we have truncated our basis at the two-photon level,
postulate that the state of the system is of the form

uc~ t !&5u00&1YD01~ t !u01&1AnsYD10~ t !u10&

1Y2D02~ t !u02&1AnsY
2D11~ t !u11&

1nsY
2D20~ t !u20&. ~12!

This wave function is normalized to lowest order inY. If
such a factorization of the density matrix is possible, t
density matrix elements must be related to the complex pr
ability amplitudes above via equations of the form

r i j ; i j 5uDi j u2, ~13a!

r i j ;kl5Di j* Dkl . ~13b!

As D0051 ~ to order Y) in the weak-field limit, that
means that we must have

r00;i j 5Di j . ~14!

Thus we may use the equations for the matrix eleme
r00;i j to write down a proposed set of equations for the pro
ability amplitudes as

Ḋ015
2AN

2A2
D102

1

2
D01, ~15a!

Ḋ025
2AN21

A2
D112D02, ~15b!

Ḋ105A2NmCD012
m

2
D101

m

2
, ~15c!

Ḋ115
2AN

2
D201A2mCS 12

1

NDD021
m

2
D01

2
1

2
~11m!D11, ~15d!

Ḋ2052mCD111
m

2A2
D102mD20. ~15e!

The dot refers to differentiation with respect to the sca
time gt.

We must now check that the other density matrix elem
equations are of a form that is consistent with a pure s
factorization. We consider an example below:

ṙ01;0152D01Ḋ0152
1

A2
D01D102D01D01

52
1

A2
r01;102r01;01, ~16!

which shows that in this case the equations are of the fo
one would obtain by using a pure state given as above. U
checking the other 15 equations, we find indeed that the d
sity matrix element equations are consistent with the sys
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as described by the pure state@Eq. ~12!#. It is not immedi-
ately obvious why a system with dissipation obeys pure-s
dynamics. We stress that this is not an approximation in
ducedad hoc, but that in the weak-field limit, for radiative
damping, the dynamics of the system can be described by
pure-state evolution given by Eqs.~15!. In quantum mechan
ics, a system evolves in two ways:~i! by unitary evolution
via the propagator, determined by the Hamiltonian, and~ii !
random collapses due to dissipation. The probability o
collapse is proportional to the rate of dissipation (k or g) as
well as the probability for the system to have energy in
~i.e., the number of intracavity photons or number of ato
in the excited state!. As the excitation probability is small in
the weak-field limit, so is the probability of a collaps
Hence in this weak-field limit, the system can be describ
by a pure state even in the presence of dissipation, at l
during the time between two-photon emissions. Thus
approach is appropriate for a calcuation ofg(2)(t), providing
that we start with the state of the systemgiven that it has
emitted a photon, and calculate the probability of a sub
quent emission at timet. In one sense the calculation o
g(2)(t) presented here is really a calculation of the waiti
time distribution, i.e.,W(t), the probability that thenext
photon arrives att, with none arriving in between. For wea
fields, the probability of another photon arriving in the inte
val 0→t is vanishingly small, and the difference betwe
W(t) and g(2)(t) vanishes. In most experiments@34# the
waiting time distribution is the quantity actually measure
and for weak fields, this corresponds to a measuremen
g(2)(t) @46#.

More properly, as we deal with an open system that c
not be described by a wave function, we can think in ter
of the quantum trajectory theory developed by Carmich
@47#, Dalibard, Caston, and Molmer@48#, and Dum, Zoller,
and Ritsch@49#. Here we follow the approach of Carmichae
which consists of an unravelling of the master equation i
evolution and collapse processes, with the collapse occur
randomly. Dissipative systems are described by wave fu
tions that evolve via a nonunitary Hamiltonian or a collap
operator. Numerically, a random number generator weigh
by the probability of a collapse determines which proc
takes place at a given time step. As both processes are
unitary, the wave function is then renormalized, and o
throws another random number. One then averages ove
ensemble of these conditioned wave functions to obtain
tistical information. Here again, the probability of a collap
is related to dissipation rates as well as excitation proba
ity. It is the latter that is small in the weak-field limit, an
hence the time between collapses is relatively long. AsD00
'1 and the other probability amplitudes are proportiona
some power ofY, for weak fields the wave function~12! is
normalized to leading order inY, and the evolution preserve
the norm to that same order. Our results will then be va
only in the limit thatY→0. A sample trajectory obtained b
the method of Carmichael is shown in Fig. 2.

In the bad-cavity limit, weak fields means approximate
10% of the saturation field; in the good-cavity limit, the fie
must be much smaller. Recent work by Alsing and Sava
and Rice and Clemens deal with how small the field mus
for the system to be accurately approximated in this fash
for more than one atom@50,51#.
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IV. PHOTON STATISTICS
OF THE TRANSMITTED FIELD

A. Coincident photon count rates

At times long compared tog21 andk21, the asymptotic
steady state reached by the system is

ucSS&5u00&1YD01
SSu01&1AnsYD10

SSu10&1Y2D02
SSu02&

1AnsY
2D11

SSu11&1nsY
2D20

SSu20&, ~17!

where

D01
SS5

21

A2

1

112C
, ~18a!

D10
SS5

1

112C
, ~18b!

D02
SS5

1

2~112C!

1

112C22C1„m/~11m!…
, ~18c!

D11
SS5

1

A2~112C!

1

112C22C1„m/~11m!…
, ~18d!

D20
SS5

1

2~112C!F12
2C

112C22C1„m/~11m!…G ,
~18e!

where we have definedC15C/N5g2/kg.
We may calculate the steady-state average intraca

field and photon number, to lowest order inY,

^â&SS5^cSSuâucSS&'C105Ans

Y

112C
, ~19!

^â†â&SS5^cSSuâ†âucSS&'uC10u25
nsY

2

~112C!2
. ~20!

FIG. 2. Intracavity field conditioned on emission of photon
t50.0 calculated using a quantum trajectory algorithm. The cu
is for g/g53.0, k/g50.5, andY/g50.1.
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We may also construct the steady-state value ofg(2)(0),
resulting in

g~2!~0!5
^cSSuâ†2â2ucSS&

^cSSuâ†âucSS&
2

'
2uC20u2

uC10u4

5F124CC1

m

11m

1

112C22C18
G 2

, ~21!

whereC185C1(111/m)21. For N@1, this reduces to

g~2!~0!5F12
1

N

4C2

112C

m

11mG2

. ~22!

This agrees with the result given by a linearized treatmen
quantum fluctuations, if higher-order fluctuations are kept
discussed in Sec. VII, where the number of atomsN is used
as a system size parameter@52#. It will sometimes be conve-
nient to considerg(2)(0) in the following form:

g~2!~0!5F ~112C!~122C18!

112C22C18
G 2

. ~23!

We postpone a discussion of this result until later in
paper.

B. Delayed Coincidence rates from pure-state dynamics

In formal language, using the quantum regression th
rem, the joint photodetection probability is given by@39#

~2hkT!2^a†~0!a†~t!a~t!a~0!&

5~2hkT!2 tr@a†aeLt~arSSa
†!#, ~24!

whereL is the Liouvillian operator in the master equatio
ṙ5Lr. This may be written as the product of two probabi
ties:

~2hkT!2^a†~0!a†~t!a~t!a~0!&

5@2hkT tr~ r̄~t!a†a!#@2hkT^a†a&SS#, ~25!

where

r̄~t!5eLt~arSSa
†/^a†a&SS! ~26!

is the density operator that evolves via the master equa
from the initial state,

r̄~0!5arSSa
†/^a†a&SS. ~27!

The two probabilities on the right-hand side of Eq.~25! have
simple interpretations: 2hkT ^a†a& is the probability for de-
tecting a first photon att50; (2hkT)tr( r̄(t)a†a) is the
probability for detecting a second photon at a timet with the
system in the stater̄(t), which has evolved from the re
duced stater̄(0) prepared by the first photodetection, d
scribing the instantaneous state of the system after the d
tion of the first photon.

The density matrixr̄(0) can be written as
f
s

e

o-

n

-
ec-

r̄~0!5uccol&^ccolu . ~28!

At this point we ask, when the system is in steady state,
a photon is detected in the transmitted field, what is the
duced state? We find from Eq.~27!, with rSS5ucSS&^cSSu,

uccol&5
âucSS&

A^cSSuâ†âucSS&
. ~29!

This may be written in the form

uccol&5u00&1D01
colu01&1D10

colu10&, ~30!

where

D01
col5

D11
SS

D10
SS

, ~31a!

D10
col5

A2D20
SS

D10
SS

. ~31b!

We now calculate the state of the system at timet given that
it was in the stateccol at t50. This is given by the solution
to the probability amplitude Eqs.~15! with initial conditions
given by Eq.~31!. We then have for the second-order inte
sity correlation function,

g~2!~t !5
uD10

col~t!u2

uD10
ssu2

. ~32!

HereD10
col is the probability amplitude for all atoms to be i

the ground state and one photon in the cavity, at timet50,
given that the system was in the collapsed stateuccol& at time
0. Obviously, we need only keep one photon states in
reduced state in order to calculateg(2)(t), which involves
the detection of the second photon.

The final result of this calculation forg(2)(t) is @43#

g~2!~t !5H 11
Da

a
expF2

1

4
~m11!tG

3FcoshVt1
~m11!

4V
sinhVt G J 2

, ~33!

where

Da

a
522C18@2C/~112C22C18!# ~34!

and

V5~1/4!A~m21!224Ng2, ~35!

and we haveC15g2/kg and C185C1 /(11g/2k)5C1 /(1
11/m).

This expression depends on the number of atoms o
through the difference betweenC andC18 , and in the value
of the Rabi frequencyV. For a large number of atoms an
large coupling, the factorDa/a reduces to
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Da

a
522C18 , ~36!

a quantity that is independent of the number of atoms. T
size of g(2)(0) is independent of the number of atoms~for
N@1), and relaxation to the steady state occurs at a
determined by the collective coupling constantANg. For N
51 and in the bad-cavity limit (m→`), this result reduces
to that of Ref.@42#.

It is a straightforward task to include the effect of detu
ings ong(2)(t). The master equation is modified in the fo
lowing manner:

k→k~11 iQ![k̃, ~37!

g→g~112iD![g̃, ~38!

where D52(va2v0)/g and Q5(vc2v0)/k are dimen-
sionless atomic and cavity detunings, respectively. Form
then, the matrix element equations, and hence the equa
for the pure state probability amplitudes are modified in
exact same manner, with the result

Ḋ015
21

2A2
D102S 1

2
1 iD DD01, ~39a!

Ḋ025
21

A2
D112~112iD!D02, ~39b!

Ḋ105A2mCD01S m

2
1 iQ DD101

m

2
, ~39c!

Ḋ115
21

2
@11m12i ~D1Q!#D201A2mCS 12

1

NDD02

1
m

2
D012

1

2
D11, ~39d!

Ḋ2052mCD111
m

2A2
D102~m12iQ!D20. ~39e!

The density matrix equations are still equivalent to tho
obtained from the above equations for probability amp
tudes. The dot in the above equations still signifies differ
tiation with respect togt, not with respect to the above
defined complexg̃. The resulting expression forg(2)(t) is
then

g~2!~t !5U11
Dã

ã
expF2

1

2
~ k̃1g̃/2!tG

3FcoshṼt1
~ k̃1g̃/2!

2Ṽ
sinhṼtGU2

, ~40!

where

Dã

ã
522C̃18@2C̃/~112C̃22C̃18!# ~41!
e

te

-

ly
on
e

e
-
-

with

Ṽ5A~1/4!~ k̃2g̃/2!22Ng2 ~42!

and

C̃5Ng2/k̃g̃,

C̃185~g2/k̃g̃ !~111/m̃ !21,

m̃52k̃/g̃. ~43!

V. COMPARISON WITH COUPLED
OSCILLATOR THEORY

Let us compare the results obtained in previous secti
with those obtained by considering a pair of coheren
driven coupled harmonic oscillators. Recall that structu
cavity QED effects, such as linewidth enhancements
level shifts can be explained, at least qualitatively, us
such a treatment. We take our lead from the equations for
probability amplitudes,

Ḋ015
21

2A2
D102

1

2
D01, ~44!

Ḋ105A2mCD012
m

2
D101

m

2
. ~45!

These equations formally describe coupled oscillators, w
D01 andD10 the mean amplitudes of the atomic polarizati
and cavity field, respectively. As an example of how the
equations contain structural cavity QED effects, let us c
sider the bad-cavity limit, defined byk@g, or m@1. Then
we may adiabatically eliminateD10 by setting Ḋ1050, to
obtain

Ḋ0152
1

2
~112C!D011

1

A2
. ~46!

Here we see that the atomic oscillator is damped at the ca
enhanced rate (g/2)(112C), where C5Ng2/kg. It can
also be shown that if the cavity is detuned, that the ove
spontaneous emission rate can be reduced, to (112C)/(1
1D2).

In Appendix B, we discuss how a pair of coherent
driven coupled oscillators starting in a coherent state~for
example, the ground state of the harmonic oscillator! evolves
into a product state, where each oscillator is in a coher
state with a mean amplitude that comes from the two str
tural equations~45!. Again, treating the atom as a simp
harmonic oscillator is a good approximation in the wea
field limit, when the atom is predominantly in the groun
state, i.e.,̂ sz&'21. Formally this can be done using th
Schwinger representation@37#. The amplitudes of the coher
ent states obey the following equations:

ȧ052~ka1va!a01gb01E, ~47!

ḃ052~kb1vb!b01ga0 . ~48!
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A product of two coherent states can be expanded to fin

ua0&ub0&5e2ua0u2/2@ u0&a1a0u1&a1a0
2u2&a1•••]

3e2ub0u2/2@ u0&b1b0u1&b1b0
2u2&b1•••]

5exp@2~ ua0u21ub0u2!/2#@ u0&au0&b1a0u1&au0&b

1b0u1&bu0&a1a0
2u2&au0&b1a0b0u1&au1&b

1b0
2u0&au2&b1•••]. ~49!

Hence we see that, for the system to be described by a pa
oscillators, we must have the following condition on t
probability amplitudes:

D025D01
2/A2, ~50a!

D115D10D01, ~50b!

D205D10
2/A2. ~50c!

This is consistent with the amplitude, Eqs.~15!, if we make
the replacementAN21→AN. It appears then that th
coupled harmonic oscillator model explains the quant
fluctuations up to corrections of order 1/N. However, this
conclusion is too hasty. Consider the steady-state solutio
the amplitude Eqs.~15!:

uc&5u00&1a0u10&1b0u01&1~a0
2/A2!pqu20&

3~a0b0!qu11&1~b0
2/A2!qru20& ~51!

with

p5122C18 ,

q5~112C!/~112C12C18!,

r 5A121/N. ~52!

The coupled oscillator model would haver 5p5q51. In
fact, q and r differ from unity by order of 1/N, p differs
from unity by 2C18'(ḡ2g)/g, a quantity that isindepen-
dent of N. This term is obviously only important when th
cavity QED condition is met. Essentially, under cavity QE
conditions, while the fluctuations are small, so is the me
intensity, and so quantum noise plays a very important r
in system dynamics. The coupled oscillator theory wo
predict g(2)(t)51 for all t. Nonclassical behavior in the
photon statistics arises only in the cavity QED regime, a
hence we refer to this as adynamical cavity QED effect; one
that cannot be explained by coupled oscillator theory.

VI. A STOCHASTIC DYNAMICAL MODEL

The master equation of Sec. II will be used as the star
point for a more standard treatment of this problem, a f
mulation that in this case has its origins in the quant
theory of optical bistability@53# using a linearized Fokker
Planck for a positive-P distribution. The major purpose o
pursuing this calculation is to examine how well the stand
methods work in the regime of very few atoms and photo
of

to

n
le
d

d

g
-

d
s.

There is noa priori reason that the traditional method
which require a system size expansion on the grounds
there are many atoms and/or photons should give results
are correct in the limit of one atom and/or photon, and
will examine the level of agreement between the two a
proaches. This will be a useful guide in discussing syst
size, for the purposes of using the linearized positiveP
theory. The pure-state approach breaks down when one
cludes nonradiative broadening; these effects can be han
in the linearized positive-P approach, and will be considered

We wish to derive a Fokker-Planck equation for a qu
siprobability distribution function, and to be able to interpr
it as such, and we desire that the diffusion of the probabi
be positive definite. The derivation of this Fokker-Plan
equation and the difficulties with nonpositive definite diff
sion have been discussed many times and therefore onl
outline of the procedure will be given here. Since we a
interested in the photon statistics of the light transmit
from the cavity, a natural selection for the quasiprobabil
distribution would be that of Glauber@54# and Sudarshan
@55#, the so-calledP distribution, which allows one to de
scribe averages of normally ordered field operators, co
sponding to the detection~annihilation! of photons in a de-
tector. The disadvantage to this approach at first sight is
the above-mentioned problem of non-positive-definite dif
sion does indeed appear in theP representation. A generali
zation of the Glauber-SudarshanP distribution is the positive
P representation of Drummond and Gardiner@56# in which
the system, nominally in five dimensions, is allowed to e
pand into ten dimensions. This is accomplished by mak
the field, polarization, and inversion variables into indepe
dent complex variables ~i.e, a5ax1 iay , a* 5a* x
5 ia* y , wherea* Þa* . In the end, the quantities of intere
are the averages of the stochastic variables, and in the m
(a,a* ), (y,y* ) are complex conjugate andm is real, but
individual stochastic trajectories describing these variab
are in fact allowed to explore the enlarged phase space.

First a characteristic function can be written as

J~b,b* ,j,j* ,h!5tr~rei ~b
*

â†!ei ~bâ!ei ~jJ1!ei ~hJz!ei ~jJ2!!,
~53!

where (b,b* ,j,j* ,h) are all independent complex var
ables. Usually the characteristic function can be defined
the Fourier transform of the desired quasiprobability dis
bution; in this case we define the relation as

J~b,b* ,j,j* ,h!

5E d2bE d2b* E d2jE d2j* E d2h

3P~a,a* ,v,v* ,m!e2 i ~b
*

a
*

!e2 i ~ba!e2 i ~jv !

3e2 i ~hm!e2 i ~jv*
! . ~54!

Expectation values for operators can be expressed as
rivatives of the characteristic function evaluated for zero
gument, as in derivations in theP representation.

The results given here can be rigorously shown for
case of bosons@56#. Using standard techniques a Fokke
Planck equation forP can be derived that has the charact
istic of being positive definite and therefore can be int
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preted as a classical-type probability distribution, although
a ten-dimensional space. We will skip a detailed discuss
of the Fokker-Planck equation and concentrate more on
associated Ito stochastic differential equations from wh
the linearized theory follows.

A set of Ito stochastic differential equations can be d
rived for this system that gives an equivalent description
that of the Fokker-Planck equation in the positive-P repre-
sentation. These equations are more amenable to com
simulation, a topic which has been discussed in Ref.@57#.
The set of equations, with atomic and cavity detunings,
allowing for nonradiative broadening is~from Ref. @57#!:

da5„2k~11 iD!a1gy1«…dt, ~55a!

da* 5„2k~12 iD!a* 1gy* 1«…dt, ~55b!

dy5„2g'~11 iQ!y12gam…dt1@2gay#1/2dW1 ,
~55c!

dy* 5„2g'~12 iQ!y* 12ga* m…dt1@2ga* y* #1/2dW2 ,
~55d!

dm52Fg iFN

2
1mG1g~ay* 1a* y!Gdt

1Fg iFN

2
1mG2g~ay* 1a* y!G1/2

dW3 , ~55e!

where a5ax1 iay is the complex field variable in the
Fokker-Planck equation referred to above and witha* a giv-
ing the intracavity intensity in units of photon number. A
noted, in the positive-P representation, the variablea* is not
the complex conjugate ofa but rather an independent com
plex variable.

The same holds fory andy* , the polarization variables
Finally, m is the variable describing the atomic inversion a
is complex as well. The variablesdW1 , dW2 , anddW3 are
independent Wiener noise increments. In the absence
these noise terms one can solve for the steady-state solu
of the above equations directly:

ȳ5ām, ~56!

ȳ* 5ā* m, ~57!

m̄52
1

11ā* ā
, ~58!

where the scaled variables are given by

ā5ns
2~1/2!a, ~59a!

ā* 5ns
2~1/2!a* , ~59b!

ȳ5S N

2 D 21S g'

g i
D 1/2

y, ~59c!

ȳ* 5S N

2 D 21S g'

g i
D 1/2

y* , ~59d!
n
n

he
h

-
o

ter

t

of
ns

m̄5S N

2 D 21

m ~59e!

with the saturation photon number defined asns

5g i g'/4g2 and whereā* ā satisfies the state equation fo
absorptive bistability:

ā* ā@112C/~11ā* ā !#25Y2. ~60!

HereC is the cooperativity parameter from the optical bis
bility literature, defined asC5g2N/2kg' andY is the scaled
input driving field,Y5«/kAns.

A. Numerical solutions to stochastic differential equations

It is possible to solve the set of stochastic different
equations@Eq. ~55e!# directly using Euler’s algorithm. The
solutions to the set of equations is obtained by starting
system in the deterministic steady state given by Eqs.~56!. A
pair of Gaussian distributed random numbers is generate
the polar method and the individual trajectories of the fie
variables for approximately 105 atomic lifetimes. The trajec-
tories are averaged together and the running average i
corded. The parameter space that could reasonably be
plored was restricted by two factors. The size of t
fluctuations in the field is proportional toC, or more funda-
mentally, toN, the number of atoms. Roughly this is due
the fact that the field is driven by a polarization made up
N atoms. Therefore the intensity correlation function, whi
is fourth order in the fields, scales asN4. Many more trajec-
tories must then be averaged together asN increases, if the
relative error in the final result is to be kept below som
chosen level such as 1%. This becomes an important fa
for C on the order of 20 for the number of atoms chosen
this investigation (N510). Greater values ofC lead to com-
puter runs that are prohibitively long. Various integratio
step sizes have been tested and checked to ensure a re
result. One effect of using too large a step size is that
fluctuations will appear to be too large for a given set
parameters. That is, the ensemble average converges to
value that would actually correspond to a larger value ofC.
Of a perhaps more fundamental nature is the limit set at
opposite extreme of a small number of atoms. The stocha
differential equations are derived from a Fokker-Plan
equation, a derivation rests upon the assumption thatN@1.

Several discussions have appeared in the literature
cerning the limits of validity of the positive-P representation
in general, and of its ‘‘pathologies’’ under certain integratio
schemes@58,59#. In our own work we have found signs o
these problems; however, we have taken care to choose
rameters such that runaway trajectories were not presen
the running averages. Illustrations of the types and effect
unbounded trajectories on bothg(2)(0) and g(2)(0) are
shown in Ref.@52#. In effect, once we began to push th
technique to larger values ofC ~on the order of 20! or to
smaller values of atomic number (N55), the integrations~at
the least! became more unstable. An example of the resu
obtained from the numerical solution of the stochastic diff
ential equations will be shown in Sec. VIII in the course
discussion of the parameter dependence of the ti
dependent second-order correlation function.
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B. Linearized theory

One interesting parameter regime is that in which the s
tem is in a well defined deterministic steady state and
perturbations, quantum or otherwise, are relatively small.
example, fluctuations in the photon number in the cav
~say, when one photon escapes! is small compared to the
total number of photons present. There are limits to the
lidity of this assumption, and in fact it will be shown late
that it is precisely in the case where the fluctuations beco
large that the nonclassical features of interest will be fou
@43#. In spite of this, and because the results can be justi
later and shown by other means to be at least qualitativ
accurate, the small fluctuation assumption is used here
starting point. In this situation it is valid to linearize the s
of stochastic differential equations about the steady state
assuming
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e
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jW5^jW &1djW , ~61!

where

jW5~a,a* ,y,y* ,m!T, ~62!

from which the set of equations can be written as

d~djW !

dt
52A djW1B dzW~t!, ~63!

whereA and D5BBT are the drift and diffusion matrices
respectively, andz5(0,0,dW1 ,dW2 ,dW3)T. The drift ma-
trix determines the time evolution of the mean values of
variables, while the diffusion matrix is related to the fluctu
tions about the mean. These are given explicitly by the m
trices
A51
2

m

2
~11 iQ! 0

mC

AG
0 0

0 2
m

2
~12 iQ! 0

mC

AG
0

2
11D2

2AG~11D21X2!
0 2

11 iD

2G
0

X

2AG

0 2
11D2

2AG~11D21X2!
0 2

12 iD

2G

X

2AG

~11 iD!X

2~11D21X2!

~11 iD!X

2~11D21X2!

2X

2AG

2X

2AG
21

2 ~64!

and

D52
1

N~11D21X2!1
0 0 0 0 0

0 0 0 0 0

0 0 ~12 iD!X2
2

12G

G
X2 0

0 0 2
12G

G
X2 ~11 iD!X2 0

0 0 0 0 24

2 , ~65!
vity

tes

en-
-
ms
o-
where the scaled parameters~again from the optical bistabil
ity literature definitions! are X5a/ns , G5g i/2g' , and m
52k/g i . With these results it is now possible to understa
various features of theN atom1cavity system.

In the case of weak intracavity field, such that the ato
are not saturated, the formalism given in the preceding s
tion can be used to derive analytic results for the normali
second-order correlation functiong(2)(t). This is possible
d

s
c-
d

for a quite general choice of parameters such as the ca
and atomic detunings (Q andD, respectively!, as well as for
an arbitrary ratio of population to polarization decay ra
~given by the parameterG5g i/2g'). For G51 ~i.e., purely
radiative decay!, the results presented here are a simple g
eralization of Ref.@37# to include detunings and will be com
pared to the results of Sec. IV. When the decay of the ato
is not purely radiative, for example, due to collisions or h
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mogeneous broadening mechanisms, the pure-state facto
tion described in Secs. III and IV cannot be applied. Sin
the stochastic dynamical model is not restricted in this se
it is useful to calculate the correlation function here an
together with the comparisons that can be made forG51,
obtain at least a qualitative feeling for the effects of non
diative decay processes. Recent atomic beam experim
have, for example, remnant transit broadening caused by
finite interaction time of the atoms as they cross the ca
waist; this can be modeled as broadening process which
fectively alters the polarization decay rateg' and thusG. To
ph

nc

ld
za-
e
e,
,

-
nts
he
y
f-

evaluate possible experimental limitations it is important
have an estimate of the deviation from the ideal case.

C. Linearized theory in the weak-field limit

When the intracavity field is very weak compared to th
needed to saturate the atoms it is possible to simplify the
of equations given in the preceding section by assuming
steady-state inversion to be constant,m̄521. In this case the
drift and diffusion matrices can be written as
A5
1

21
2m~11 iQ! 0 2

mC

G
0

0 2m~12 iQ! 0 2
mC

AG

2
11D2

AG~11D2!
0 2

11 iD

G
0

0 2
11D2

AG~11D2!
0 2

12 iD

G

2 ~66!
-
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D5BBT52
X2

N~11D2!S 0 0 0 0

0 0 0 0

0 0 12 iD
G21

G

0 0
G21

G
11 iD

D .

~67!

We now have the necessary equations to investigate the
ton statistics of this system.

VII. DELAYED COINCIDENCE RATES
FROM STOCHASTIC DYNAMICS

The normalized second-order intensity correlation fu
tion is given in general by

g~2!~0!5
^â†2â2&

^â†â&2

511~nsX
21^Dâ†Dâ&!22$4nsX

2^:~DÂ1!2:&

12ns
1/2X@^~Dâ†!2Dâ&1c.c.#1^~Dâ†!2Dâ2&

2^Dâ†Dâ&2% ~68!

where the colons denote normal ordering andÂ15 1
2 (â†

1â) is the field quadrature in phase with the driving fie
The fluctuations are assumed to be Gaussian and thus
o-

-

.
the

third-order moments are zero. In contrast to Ref.@37# the
higher-order~fourth order in field or of order 1/N2 in system
‘‘size’’ ! terms will not be dropped. Although this would ap
pear to be an inconsistent treatment of the fluctuations, it
be justified later and showna posteriori to be a sensible
approach. These fourth-order field fluctuation correlatio
can be written as products of second-order correlatio
which gives for weak fields

lim
X→0

g~2!~0!511
@G11

0 1G22
0 12G12

0 1G11
0 G22

0 1G12
0 2#

11G12
0 2

,

~69!

whereGi j
0 denotes the component of the correlation mat

@38# in the limit X→0, e.g.,G11
0 5 limX→0@^DâDâ&/X2#. For

G51 we find that G12
0 5G21

0 50 and by definitionG11
0*

5G22
0 so that the above may be written as

u11G11
0 u2. ~70!

This simple result can be compared to that found in Ref.@42#
for the correlation function of the transmitted intensity in t
limit of a single atom interacting with a strongly dampe
resonator field mode~the ‘‘bad-cavity ’’ limit in the language
of the optical bistability literature!. The form of the correla-
tion function has the important property that it is bounded
zero, as must be the case. This was not so, for example
earlier work, and the failure of the linearization was su
pected to be the cause of this problem, since it arises only
very small system sizes (ns or N small!. The difference here
can be simply traced to the higher-order fluctuation ter
that were retained in the derivation of Eq.~68!, and thus
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provides the first justification of that assumption. This mo
squared form was found in the calculation using the pu
state formalism in the weak-field limit.

It remains now to calculate the correlation̂DâDâ&,
which is straightforward using

AG1GAT5D. ~71!

The result is found to be

G11
0 52

2mC2

Q̃D̃2N
FCQ̃*

uQ̃u2
1

1

2
mQ̃1

1

2
D̃1

mCD̃*

uD̃u2 G21

,

~72!

where Q̃511 iQ and D̃511 iD. For D5Q50 this re-
duces to the result of Ref.@37#.

For D5Q50 it is easier to examine the general featu
of the result in Eq.~72!. It is important to understand th
significance of the terms of order 1/N2 and why it is neces-
sary to retain them. Purely from the point of view of cons
tency these terms should be neglected because the Fo
Planck equation is derived including only terms of ord
1/N, and the result obtained from the linearized treatmen
fluctuations must necessarily follow from that. In Fig.
g(2)(0) is plotted for various numbers of atoms when t
1/N2 terms are kept, and when they are not included. T
exact result from the pure-state analysis is also shown.
see that by keeping these higher-order terms,g(2)(0) is now
bounded by zero as it must be; it can be seen explicitly fr
the form of Eq.~70! that the minimum for the function is
bounded by zero.

It is difficult to justify formally these higher-order fluc
tuation terms, but it can be seen that they become impor
only when the size of the fluctuations become comparabl
the mean field itself. Naively keeping terms of the ne
higher order can be rationalizeda posteriori in two ways.
The first is the lower bound this sets ong(2)(t), necessary
for any intensity correlation function. Second, the results
obtained agree with those found using other different me

FIG. 3. g(2)(0) as calculated by three methods. The solid line
the pure-state theory, the dashed line is obtained from a linear
theory with second-order terms, and the dotted line is obtained f
the usual linearized theory. All curves are forg/g5k/g51.0.
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ods of calculation, one of which is not based on a system
expansion. We see that there is good agreement betwee
linearized theory and the pure-state results for as few as
atoms. The agreement is even better in the good-cavity l
(k→0), where the saturation photon number is quite hi
and the relative size of field fluctuations is smaller.

A. General time-dependent solution
in the linearized approach

It is very useful to notice that the result given by Eq.~72!

is exactly that of Ref.@37# if we let k→k(11 if)5k̃ and
g→g(11 iD)5g̃ ~and thereforem→m̃52k̃/g̃ and C→C̃

5g2N/k̃g̃). With this remark, and keeping in mind th
modulus square form of the correlation function (G51), the
full time-dependent second-order intensity correlation fu
tion can be written simply, following Ref.@37# as

g~2!~t !5U12
2C̃

N

m̃

m̃11

2C̃

112C̃
e2~1/4!~m̃11!t

3FcoshṼt1
m̃11

4Ṽ
sinhṼtGU2

, ~73!

where

Ṽ5F 1

16
~m̃21!22

1

2
m̃C̃G1/2

. ~74!

This differs from the result of the pure state formalism in t
factor of

2C̃/~112C̃!Þ2C̃/~112C̃22C̃1!. ~75!

In the limit of largeN, the two solutions are the same. It
expected that there could only be agreement for this case
a large number of atoms is implicit in the linearization of t
stochastic model. The nature of the agreement seems to
date the inclusion of higher-order terms in the linearizat
procedure. The Fokker-Planck equation was derived with
assumption of ‘‘large’’ system size, i.e.,N large, and particu-
larly in the limit of large quantum noise,m@1, this could be
predicted to lead to a lack of confidence in the formalism
is somewhat surprising that the deviations from the pu
state formalism are fairly small and in any case only qua
tative in nature. Such a result gives a certain degree of c
fidence that when the next generalization is made, to al
for nonradiative decay (GÞ1), the linearized treatment ca
be regarded as a good approximation as long as it is
pushed to extremes.

B. Linearized theory and Gaussian factorization

The question of the validity of the linearized theory a
proach with higher-order terms will be addressed now
making a comparison to the pure-state formalism approa
Since no system size truncation was made in the deriva
of the results in Sec. IV, that will be used as our reference
the comparison. We have already shown that the correla
function can be expressed as

ed
m



th

r-
the

2404 PRA 59R. J. BRECHA, P. R. RICE, AND M. XIAO
g~2!~0!5 z^guâ2ufss& z2z^guâufss& z4. ~76!

If we write â5^â&1Dâ then

g~2!~0!5U11
^Da2&

^â&2 U2

, ~77!

where, again, only weak fields have been considered,
justifying the replacement of̂gu by ^fssu.
de
ng

er
io

ex
an

e
to
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us

Now we will see if this result is obtained using the linea
ized theory with the Gaussian factorization theorem for
fluctuations. Using the general definition ofg(2)(0) and the
decomposition ofâ we can write

g~2!~0!5
^â†2â2&

^â†â&2
~78!

and after some rearranging
g~2!~0!5

U11
^Da2&

^â&2 U1
^Da†2Da2&2^Da†2&^Da2&

^â†&2^â&2
14

^Da†Da&

^â†&^â&

S 11
^Da†Da&

^â†&^â&
D 2 . ~79!
ith
s
he
field
on-
it-

lly
For weak fields^Da†Da&/^â†&^â&!1 and if the Gaussian
factorization theorem is invoked to reduce the fourth-or
correlations to products of second-order correlations givi

^Da†2Da2&5^Da†2&^Da2&.

Equation~79! then reduces to Eq.~77!. This agreement will
be the strongest justification for retaining the terms that w
in previous work neglected; in fact, presented in this fash
r

e
n

it is natural to keep the extra term as being consistent w
the definition ofg(2)(0). We seehere as well that the term
of fourth order become important for a situation in which t
mean square field fluctuations are large and the mean
itself is small, exactly where one expects to see large n
classical effects in the photon statistics of the light transm
ted by the cavity.

The complete time dependent solution is given forma
by
g~2!~t !5
112 Re„G11

0 ~t!…1G12
0 ~t!G21

0 ~t!1uG11
0 ~t!u21uG12

0 ~t!u2

112 Re„G12
0 ~0!…1uG12

0 ~0!u2
, ~80!
nd
the

gs,
en-

vity
an
ber
o-

-
ng;

ro
where

Gi j ~t!5
Gi j

0

2VH F2
m

2
~11 iQ!1

m

AG
1

1

2

11 iD

G GsinhVt

12V coshVtJ expF2
1

4S 11 iD

G
1m~11 iQ! D G

~81!

with Gi j as defined in conjunction with Eq.~69!.
As mentioned earlier, for purposes of comparison to

periment the general expression including detunings
nonradiative decay processes is necessary. ForD,Q50 and
G51, g(2)(t) is a perfect square,

g~2!~t !5u11G11~t!u2, ~82!

as in the pure-state case.
The frequencyV is the imaginary part of the eigenvalu

describing the time-dependent response of the coupled a
cavity system. As was discussed in the Introduction, this
-
d

m-
s

been referred to as the ‘‘vacuum field Rabi frequency’’ a
represents the exchange frequency for excitation between
atomic polarization and the cavity field.

VIII. PARAMETER DEPENDENCE

In this section we will examine the behavior ofg(2)(0)
andg(2)(t) as a function of the various rates and detunin
as well as the number of atoms. Figure 3 shows the dep
dence ofg(2)(0) on the number of atomsN. Generally, we
find that the linearized theory does quite well forN
510–100 atoms. The agreement is best in the good-ca
limit, as there the photon number is generally larger, and
alternate system size expansion in terms of photon num
would be a good approximation. In Fig. 4, we examine ph
ton antibunching in the system, defined asg(2)(0),1. The
effect here is thatg(2)(0) is actually independent of the num
ber of atoms and still exhibits large amounts of antibunchi
it is possible to have ‘‘perfect’’ anticoincidence,g(2)(0)50
for an arbitrarily large number of atoms. Recall that for ze
detunings, the pure-state result
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g~2!~0!5F ~112C!~122C18!

112C22C18
G 2

. ~83!

We see that there is perfect antibunching so long as 2C18
51. As this quantity is independent of the number of atom
we can have perfect antibunching for an arbitrary numbe
atoms. What is the meaning of this condition? In terms
fundamental rates, we have

2C185
g2

~g/2!~k1g/2!
5

g2/~k1g/2!

~g/2!
. ~84!

The numerator of 2C18 is the spontaneous emission rate in
the cavity mode, and the denominatorg/2 is the spontaneou
emission rate out the sides of the cavity. When these rate
equal, half of the spontaneous emission goes into the ca
mode, and we have perfect antibunching. In terms of
fraction of spontaneous emission into the cavity mode,

b5
2C18

112C18
, ~85!

this condition can be expressed asb50.5. Physically this is
when the polarization in the collapsed state is equal in m
nitude and opposite in sign to the driving field, for a ze
mean intercavity field. This leads to a null detection of t
second photon.

In Fig. 4, the solid line represents the locus of points~in
terms of C1 and 1/m) for which g(2)(0)50, perfect anti-
bunching. The other curves indicate regions of param
space whereg(2)(0),1. These regions are above and to t
left of the dashed curves, and are presented forN51, 10,
and 100.

The space of cavity and atomic detunings will be cons
ered next. As we move from the bad-cavity (m→`) limit to
the good-cavity (m→0) limit the relative importance o
atomic and cavity detunings changes dramatically. In

FIG. 4. The solid line indicates the locus of points for whi
g(2)(0)50.0. The region between the other lines and the solid
indicate the regions whereg(2)(0),1, photon antibunching. The
dashed line is forN51, and the dotted line is forN510. The curve
for N5100 lies on top of the one forN510.
,
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former case, Fig. 5~a!, there is very little sensitivity in the
size of the observable nonclassical effect to the cavity de
ing Q; even atQ52 there is negligible change. At the sam
time, for D52 there are no nonclassical correlations a
longer; in fact the full time-dependent correlation shows t
g(2)(t) for this case exhibits photon bunching, or excess c
relations for largeD. When k5g, Fig. 5~b!, we see that
either a detuning ofD5g/2 or Q5k is very deleterious to
the antibunching. Finally, wheng is larger thank, the anti-
bunching is most easily destroyed by detuning the atoms

In the special case ofm51, and equal and opposite de
tunings, we see that the presence of detuning may actu
enhance the antibunching, until the detuning becomes la
than the level widths. This is exhibited in Fig. 5~c!. When we
discuss the time-dependent correlation function we will s

FIG. 5. ~a! Surface plot ofg(2)(0) vs atomic and cavity detun
ings for g/g52.29, k/g510, and N5100. ~b! Surface plot of
g(2)(0) vs atomic and cavity detunings forg/g50.866, k/g
51.0, andN5100.~c! Surface plot ofg(2)(0) vs atomic and cavity
detunings forg/g51.0, k/g50.5, andN5100.

e



fo
y
bl
T

o
be
y
ic
tu

n-
e

ee
ot
th
s
n

n
ch

uo
th
a
i

fo
cil
a

a
.

rts
at
-
ro

is

f the

e
ical

2406 PRA 59R. J. BRECHA, P. R. RICE, AND M. XIAO
the resolution to this seeming contradiction which allows
a ‘‘larger’’ nonclassical effect with detunings. Effectivel
there are different types of nonclassical correlation possi
two of which are competing in the case discussed here.
number of atoms has little effect on the dependence
‘‘loss’’ of nonclassical character with detuning. It tends to
true that largerN will lead to less sensitivity on the cavit
detuning, but it is in general the case that the nonclass
effects are less sensitive to the cavity than to atomic de
ings.

The last parameter of interest isG, which is equal to 1 for
purely radiative broadening and 0 in the limit of purely tra
sit time broadening. We see from Fig. 6 that transit tim
broadening severely limits the antibunching, and may ind
lead to bunching instead. This is to be expected as the ro
the effect is the interference between the driving field and
field radiated by the atom. Transit time broadening will e
sentially smear out the atomic phase, erasing the interfere
effects.

We now turn our attention to the time depende
g(2)(t). Figure 7 illustrates three different cases in whi
nonclassical photon correlations appear. In Fig. 7~a! we see
g(2)(0),1 andg(2)(t)>g(2)(0). The temporal behavior is
very similar to that observed in single-atom resonance fl
rescence but it should be emphasized once more that in
case the field is very weak compared to that needed to s
rate the atomic transition, and the oscillation frequency
independent of the field strength; this is not the case
single-atom resonance fluorescence, where the Rabi os
tions predicted theoretically and observed experimentally
a function of the driving field,VR}uEu2. Here, the oscilla-
tion frequency is determined by the collective coupling p
rameterANg, a manifestation of vacuum-Rabi oscillations

In Fig. 7~b! the time dependent correlation function sta
at t50 at a value 2.g(2)(0).1 then decreases to zero
some finite time delayt8. From the Cauchy-Schwarz in
equality it can be shown that for a classical stochastic p
cess@60#

^ Ī ~ t ! Ī ~ t1t!&<^ Ī ~ t !2&. ~86!

FIG. 6. g(2)(0) vs G for g/g50.158, N520, and~solid line!
k/g55.0, ~dashed line! k/g50.5, and~dotted line! k/g50.05.
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Written in terms of intensity fluctuations about a mean, it
possible to write

ug~2!~t !21u<ug~2!~0!21u. ~87!

FIG. 7. ~a! g(2)(t) vs t for g/g50.577, k/g50.5, and N
530. ~b! g(2)(t) vs t for g/g51.06, k/g50.5, andN510. The
region between the dashed lines denotes the allowed values o
correlation function for a classical field.~c! g(2)(t) vs t for g/g
51.10, k/g50.5, andN52. The region below the dashed lin
denotes the allowed values of the correlation function for a class
field.
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Therefore sinceg(2)(0)<2 the observed behavior in Fig
7~b! is in violation of the classical inequality for allt for
which ug(2)(t)u>g(2)(0).

We also see that the large peak in Fig. 7~b! aroundt51 is
nonclassical, asg(2)(t)21.g(2)(0)21. Further, in Fig.
7~c!, we see that the peak ing(2)(t) aroundt52.5 is non-
classical, but the zero ing(2)(t) neart51 is not. We refer to
values ofg(2)(t) in excess of those allowed classically
overshoots, and undershoots are defined asg(2)(t) values
below that allowed classically. This overshoot has recen
been observed by Mielke, Foster, and Orozco@45#. A com-
plete discussion of the nonclassical nature of the beha
was given by Rice and Carmichael in the context of a sin
atom in the bad-cavity limit@42#, and generalized by Car
michael, Brecha, and Rice to the many-atom case@43#. The
interpretations there included self-homodyning of squee
dipole radiation with the driving field, or alternatively qua
tum interference of the driving field and the polarization af
the collapse of the wave function upon detection of the fi
photon. In order to demonstrate that it is indeed an inter
ence between the coherent driving field and the field radia
by the atom that is responsible for this effect, we plot in F
8 the correlation functiong(2)(t) for the fluorescent light, for
the case of a single atom. We see thatg(2)(t) for the fluo-
rescent light vanishes at zero delay time, as the atom ca
simultaneously emit two photons; this is just the antibun
ing seen in resonance fluorescence, here with a cavity
hanced rate for relaxation to the steady state. There ar
subsequent zeros in this correlation function for any cho
of C1 . Increasing the number of atoms only decreases
antibunching, essentially proportional to 121/N as in reso-
nance fluorescence; there still appear no zeros at subse
times.

In Fig. 9 is shown a progression of curves as the num
of atoms is varied from 1 to 100. AsN ~and thereforeC) is
increased the value ofg(2)(0) is seen to show only a wea
dependence, as was to be expected. ForN'10 there is vir-
tually no change in the zero time delay correlation. There
a greater change in the excess correlation seen for a fi
time delay, and there is as well a larger number of multi
zeros or points at which, for a finite time delay there is ze

FIG. 8. g(2)(t) vs t for the fluorescent field forg/g
51.06, k/g50.5, andN51.
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probability of there being a second photon emitted from
cavity. Essentially, as expected, for largeg there is noN
dependence ing(2)(0), but forsmall coupling strengths this
is no longer the case. In the oscillatory regime, there is so
N dependence, in that the vacuum-Rabi frequency depe
on the number of atoms. The size ofDa/a is independent of
the number of atoms for largeN and/or largeg, and is on the
order of unity, but the number of zeros ing(2)(t) will de-
pend on the vacuum-Rabi frequency.

In the strong coupling regime, as seen above,g(2)(t) may
oscillate many times before relaxing to unity. In this regim
it is found that it is possible to have several zeroes
g(2)(t). This is exhibited in Figs. 10~a!–10~b!. The interpre-
tation of this is exactly the same as in the bad-cavity lim
Recall that this mean field is the superposition of the coh
ent driving field and the out of phase polarization field. In t
bad-cavity limit, we found that as the mean field relaxed
its steady-state value it passed through zero, and at this
a second photon could not be emitted, leading to a zero
g(2)(t) at a nonzero delay time. In the oscillatory regime, t
only new feature is that relaxation to the steady state is
cillatory, leading to the possibility of multiple zeroes i
g(2)(t) at a variety of delay times. Due to the simple form
g(2)(t), it is easy to construct a map inC21/m space to
denote the number of zeroes ing(2)(t). We may write

g~2!~t !5@11ucau~elt1 if1el* t2 if!#2. ~88!

The derivative ofg(2)(t) is given by

g~2!8~t!52@11ucau~elt1 if1el2t2 if!#

3$ucau@lelt1 if1l* el* t2 if#%. ~89!

We see that we may have a simultaneous zero ing(2)(t) and
its first derivative under the condition

2ucauexp$@l r /l i #@~2l 11!p22f#%51, ~90!

wherel i andl r are the real and imaginary parts ofl. We
may, for a particular value ofl, pick a value ofC1 and use

FIG. 9. g(2)(t) vs for g/g5k/g51.0, with ~solid line! N51,
~dashed line! N510, and~dotted line! N5100.
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Eq. ~90! to find the value of 1/m at which another new zero
appears ing(2)(t). The result is a series of curves inC
21/m space that denote the appearance of another ze
g(2)(t). For a fixedC, decreasing 1/m below the value on
one of the curves results in a correlation function with a p
of zeroes very close together, asg(2)(t) ‘‘bounces’’ off the
time axis. The region above and to the left of the rightm
curve in Fig. 11 indicates the region where there is alway
zero ing(2)(t). The next curve to the left indicates where
second zero appears. To the immediate left and above
curve there are three zeros. Subsequent curves denot
appearance of a new pair of zeroes, which are degenera
the curve, but split into a pair of zeroes to the left and abo
the curve. Increasing the number of atoms increases
vacuum-Rabi frequency (ANg), and therefore for a large
number of atoms, the relaxation to steady state occurs
higher frequency leading to more zeroes ing(2)(t).

With detunings added, we must consider a complica
solution so we will now proceed to some pictures. In F
12~a!, for 2k5g5g we showg(2)(t) for D50.5 andQ
50.0. We see that detunings on the order of half the li
width is deleterious to the nonclassical effects. The dip
zero is gone, and in fact the undershoot is gone as well.
overshoots that follow are still present, but are reduc
These disappear fully when the detuning is on the order

FIG. 10. ~a! g(2)(t) vs t for g/g51.44, k/g50.138, andN
51. ~b! g(2)(t) vs t for g/g52.04, k/g50.278, andN51.
in
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linewidth. In order to understand this sensitivity, we exam
a parametric plot of the real and imaginary parts of the qu
tity whose squared magnitude yieldsg(2)(t). This would be
11Re(Da/a) and Im(Da/a). The singular nature of the
zeroes ing(2)(t) is evident when we realize that both the re
and imaginary parts of this quantity must simultaneously
zero forg(2)(t) to be zero. For zero detuning, the imagina
part is zero, and the trajectory of the parametric plot repe
edly passes through zero, ifDa/a is large enough. When
detunings are introduced, the parametric explores the c
plex plane. This is due simply to the beating of the polariz
tion field and the driving field , as they no longer oscillate
the same frequency. For a detuning ofD50.5 andQ50.0
@Fig. 12~a!#, the trajectory is always significantly away from
(21,0), the place corresponding tog(2)(t)50.

For equal detunings,D5Q50.5, Figs. 12~c!, nearly all
nonclassical effects are absent, and the trajectory does
oscillate along a line, but more of a cuspy figure that rar
passes near zero for tunings along the order of half a l
width.

When we consider equal and opposite detunings, withm
51, we find the surprising result that the nonclassical beh
ior remains, and indeed we now have antibunching wh
there was bunching for zero detunings, as seen earlier
Fig. 12~e!, we see that the nonclassical behavior persists
time. Mathematically, this stems from the fact that for th
situation, the complex vacuum-Rabi frequency is still co
pletely imaginary, and so the overall decay constant ofDa/a
is not too much different than in the case of nonzero det
ings. Physically, with equal and opposite detunings,
statesu01& and u12& are equally split above and below th
laser field.

In the good-cavity limit, characterized by a cavity line
width that is narrow compared to the atomic linewidth, t
size of nonclassical effects, such as antibunching, are sm
A plot of g(2)(t) in this limit is exhibited in Fig. 13~a!. This
limit is characterized by a large saturation numberns , and as
such the usual linearized small noise theory should ap
and in fact the pure-state and linearized results are ne

FIG. 11. Successive appearance of zeroes ing(2)(t). The left-
most curve indicates whereg(2)(0)50.0. To the left of this curve
one zero appears ing(2)(t) at some delay time. Each additiona
curve indicates where another pair of zeroes appears.



o

PRA 59 2409N TWO-LEVEL ATOMS IN A DRIVEN OPTICAL . . .
FIG. 12. ~a! g(2)(t) vs t for g/g51.0, k/g50.5, andN530. The solid line is forD50.5 andQ50.0 and dashed line is for zer
detunings.~b! Parametric plot ofDa/a for g/g51.0, k/g50.5, andN530, D50.5, andQ50.0. ~c! g(2)(t) vs t for g/g51.0, k/g
50.5, andN530. The solid line is forD50.5 andQ50.5 and the dashed line is for zero detunings.~d! Parametric plot ofDa/a for
g/g51.0, k/g50.5, andN530, D50.5, andQ50.5. ~e! g(2)(t) vs t for g/g51.0, k/g50.5, andN530. The solid line is forD
50.5 andQ520.5 and the dashed line is for zero detunings.
er
lit
m
e

im-
b-
identical. In this limit, quantum fluctuations are a small p
turbation on the semiclassical steady state, and there is
departure from coupled oscillator results based on a se
classical analysis. It takes many photons to effect a chang
-
tle
i-
in

response of the system, and so quantum noise is not as
portant in this limit as in other parameter regimes. It is o
vious that the linearized theory works well here.

In the bad-cavity limit, Fig. 13~b!, nonclassical effects can
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be quite dramatic; perfect antibunching, for example. In
bad-cavity limit, the saturation photon number is much le
than 1, hence one photon has a big effect on the sys
dynamics. In this regime, quantum fluctuations are quite
portant, and the linearized theory is quite inadequate. Ind
for Fig. 13~b!, we see that the linearized theory predicts le
than 0.1% antibunching, while the true result is maxim
antibunchingg(2)(0)50.0. Results obtained here agree w
the results of Rice and Carmichael by adiabatic eliminat
of the field.

Finally, the case of nonradiative decay of the atoms w
be considered. ForGÞ1 the amount of nonclassical correl
tions decreases as a function of increasing homogen
broadening. We investigate the effect of transit broaden
on the nonclassical correlations by considering the resu
this mechanism to be an increased transverse decay rateg' .
Thus G, which has until now always been taken equal
unity for the time-dependent correlations, will be taken a
parameter to be varied. In practice it will be defined by t
geometry of the system and it is desirable to keep it as n
unity ~purely radiative broadening! as possible.

FIG. 13. ~a! g(2)(t) vs t for g/g51.0, k/g50.01, andN51.
The solid line is for the pure state theory and the dashed line is
result of the linearized theory.~b! g(2)(t) vs t for g/g55.0, k/g
550.0, andN5100. The solid line is for the pure state theory a
the dashed line is the result of the linearized theory.
e
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In Fig. 14 is shown the time-dependent correlation fun
tion for parameters similar to those of recent experimen
with each curve representing a different value ofG. From
this it is apparent that it is desirable to allow the atoms
interact with the cavity field for a time long compared to t
atomic lifetime and thus eliminate transit broadening. T
obvious solution to this problem is to use atoms that ha
been either cooled or even trapped. Recently two gro
have demonstrated the feasibility of dropping cooled ato
through a cavity, which makes the transit time broaden
completely negligible@61,62#.

An example of the results of the stochastic different
equation numerical solution discussed in Sec. VI is shown
Fig. 15. Parameters are chosen to be similar to those o
cent experiments by Fosteret al.; in our notation the relevan
values areN510, C510, andm51. The qualitative agree
ment between the SDE results and those of the pure-s
theory and the linearized theory~also shown on the plot as
dashed curve! is very good.

e

FIG. 14. g(2)(t) vs t for g/g50.31, k/g50.5, andN5100.
These are presented for~solid line! G51.0, ~dashed line! G50.9,
~dotted line! G50.7, and~short-dashed line! G50.5.

FIG. 15. A comparison of the~solid line! pure state theory,
~dashed line! linearized theory with higher order terms, and~dotted
line! simulations of the stochastic differential equations in Eq.~64!.
The parameters areg/g50.7071, k/g50.5, andN510.
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IX. CONCLUSION

In this work we have examined the nonclassic
photon statistics of theN-atom/cavity system, with atomic
and cavity decay, and a classical driving field. These incl
g(2)(0),1 and a positive slope forg(2)(t) at t50, as well as
the vanishing ofg(2)(t) for a nonzero delay time. The non
classical effects are essentially independent of the numbe
atoms for largeN, and thus persist for macroscopic system
The nonclassical behavior occurs when the ‘‘cavity QE

condition,’’ (ḡ2g)/g'1, is fulfilled, and are thus dynami
cal rather than structural in nature. That is, these cavity Q
effects are beyond simple modifications of linewidths a
lineshapes.

We have given the formal procedure behind the pure-s
formalism used in previous work@43#, which holds even
though we consider a dissipative system and we have
cussed the physical reasons for the effectiveness of this
proach. We have discussed the nonclassical behavior of
system in terms of quantum interference of probability a
plitudes. It is found that in the good-cavity limit (g@k), the
nonclassical behavior is small, while in the bad-cavity lim
(k@g), nonclassical fluctuations are quite prominent. T
is understood in terms of the saturation photon numb
which is large in the good-cavity limit, and small in th
bad-cavity limit. In the latter case, a single photon chan
the behavior of the system appreciably, and hence quan
fluctuations play an important role in determining syste
dynamics. In the good-cavity limit, small fluctuations of o
or two photons do not appreciably alter the system, hence
limitation of the size of the nonclassical effect. The noncl
sical effect is extremely sensitive to atomic and cavity det
ings; detunings of approximately half of the respective lin
widths will seriously affect the nonclassical effect. This h
been explained in a graphical manner. This has serious
plications for experimental realizations of this model, ma
ing the precise locking of atomic and cavity resonances p
mount.

We have also examined a stochastic model for this sys
that goes beyond the normal quantum theory of optical
stability in that higher-order fluctuations are considered. T
treatment is justifieda posteriori by the agreement of this
stochastic model with results of the pure-state formalism
well as a Gaussian factorization ansatz.

It is useful to compare the different theoretical approac
taken in this paper. This will serve to identify the limitation
as well as the strengths of each. First, perhaps the most c
plete model is that provided by the stochastic differen
equations. The rigorous numerical solution of these eq
tions has the limitation of becoming cumbersome for la
numbers of atoms, and at the same time, of being limite
the other extreme of small atom number by linearization
sumptions. The analytical linearized theory presented h
has the same limitation for small atom numbers, howev
we find in both cases that evenN.5 allows for at least a
qualitatively correct solution, as compared to the pure-s
formalism. The linearized theory~with the inclusion of
higher-order fluctuation terms! allows for a reasonable com
parison of theory to experiment, since in all experiments
date, transit- broadening-induced polarization decay mus
accounted for. The pure-state formalism does not allow
l

e

of
.

D
d

te

is-
p-
is
-

t
s
r,

s
m

he
-
-
-
s

-
-
a-

m
i-
e

s

s

m-
l
a-
e
at
-

re
r,

te

o
be
r

this to be done. The ‘‘justification’’ of the linearized theor
with the addition of 1/N2 terms~inconsistent with the origi-
nal derivation of the Fokker-Planck equation in the positiv
P representation! is found by a comparison with the pure
state formalism in the limit of no transit broadening (G
51). The agreement between this stochastic model and
results of the pure-state formalism is striking even forN
55; this is surprising as the limitN→` is taken in the
stochastic model.

The conclusion to be drawn from all of these results
that the Fokker-Planck equation approach, although us
the assumption of a large number of atoms, can be used
some confidence for this system even with a relatively sm
N. This is of some use because even though the pure-s
result is exact and compact, it is restricted to the purely
diatively broadened case. ForGÞ1, the linearized theory can
be used to make predictions, and to compare to experime
results orN510–100 atoms.
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APPENDIX A: DENSITY MATRIX ELEMENT EQUATIONS
IN THE WEAK-FIELD LIMIT

We begin with the master equation~6! written out in full:

ṙ5gS â†(
j

s2
j 2â% (

j
s1

j D r2gr~ â†S js2
j 2âS js1

j !

1E~ â†2â!r2Er~ â†2â!1~g/2!@S j2s2
j rs1

j 2S jsz
j r

2rS jsz
j 2Nr#1k~2ârâ†2â†âr2râ†â!. ~A1!

For the field, we use the usual Fock state basis

u0& u1& u2&. ~A2!

For the atoms, we use the states

u0&A5u;2N/2&,

u1&A5uk;2N/211&, ~A3!

u2&A5uk,l ;2N/212&.

The labels2N/2,2N/211,2N/212 denote the inversion
eigenvalues for these states, and the labels (k,l ) denote
which atom is in the excited state if any, and (k,l ) can sepa-
rately take on any value from 1 toN, the total number of
atoms. In terms of atomic states for individual atoms, th
become

u;2N/2&5)
j

u2& j ,

uk;2N/211&5)
j

u2& j u1&k)
j

u2& j , ~A4!

uk,l ;2N/212&5)
j

u2& j u1&k)
j

u2& j u1& l)
j

u2& j .
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These states correspond, respectively, to 0, 1, and 2 ex
atoms. Now our combined basis set, truncated at the t
photon level in keeping with our desire to obtain results
the weak-field limit, is

u0&u;2N/2&,

u1&u;2N/2&,

u0&uk;2N/211&, ~A5!

u2&u;2N/2&,

u1&uk;2N/211&,

u0&uk,l ;2N/212&.

Again, here the first state corresponds to zero quanta ex
tion, the following two correspond to two quanta of excit
tion, and the last three correspond to three quanta of ex
tion. There are 11(N11)1„N(N21)1N11…5N21N
13 states in this basis. However, since the atoms are
sumed to be identical, and to interact with the field via t
same coupling strengthg, one can greatly reduce the numb
of density matrix elements that must be considered. Es
tially, we only need keep track of the states with bothk and
l labels, and there will be several cases that are disti
corresponding tok5 l or kÞ l . We consider a few example
here:

^0u^;2N/2uru0&uk,l ;2N/212& ~A6!

are all identical for alll andk, and

^2u^;2N/2uru0&uk,l ;2N/212& ~A7!
ed
o-

ta-

a-

s-
e

n-

t,

are all equal for allk so long asl is not equal tok. So here,
we have two cases to consider, wherek5 l , andkÞ l . So we
label our density matrix elements in the following manne

rn,m; j ,k5^nu A^muru j &uk&A . ~A8!

Here, we have 28 independent density matrix elements, w
21 coming from the fact that we have essentially a six-st
basis, and an additional seven coming from the keeping tr
of k and l. For example, consider the matrix elements

^1u^k;2N/211uru1&u l ~ lÞk!;2N/211&,
~A9!

^1u^k;2N/211uru1&u l ~ l 5k!;2N/211&.

These two matrix elements are not equal in general, an
simplify our notation, we shall refer to them asr1,1;1,1

u , and
r1,1;1,1

l , respectively. All other density matrix elements th
are not uniquely defined by the subscripts will carry theu or
l distinctions, for like and unlike atoms, respectively. T
only exception will be the following two-photon matrix ele
ments,

r02;02
l l 5^0u^k,l ;2N/212uru1&uk,l ;2N/212&,

r02;02
lu 5^1u^k,l ;2N/212uru1&

3uk,m~mÞ l !, or m,l ~mÞk!;2N/212&,

~A10!

r02;02
uu 5^1u^k,l ;2N/212uru1&

3um,l ~mÞk!, or n,l ~nÞk!;2N/212&.

We must now examine the equations of motion of these d
sity matrix elements, using the master equation~6!. We ar-
rive at
ṙ00;00522Er00;101Ngr01;01
l 12kr10;10,

ṙ00;105Ngr00;012Er10;102A2Er00;201Ngr01;11
l 12A2kr10;202kr00;101Er00;00,

ṙ00;0152gr00;102Er10;012Er00;111~N21!g2Er01;01
l 2~g/2!r00;0112k2Er10;11,

ṙ00;205A2Ngr00;112Er10;201A2Er00;1022kr00;20,

ṙ00;1152A2gr00;201~N21!gr00;022Er10;111Er00;012~g/21k!r00;11,

ṙ00;02522gr00;112Er10;022gr00;02,

ṙ10;1052Ngr10;011Er00;1022A2Er20;101Er00;101Ngr11;11
l 14kr20;2022kr10;10,

ṙ10;015~N21!gr01;01
u 1g~r01;01

l 2r10;10!2A2Er01;202Er10;111Ngr11;02
l 2~g/21k!r10;0112A2kr20;111Er00;01,

ṙ10;205~N21!gr01;20
u 1gr01;20

l 1A2Ngr10;111Er00;202A2E~r20;202r10;10!23kr10;201A2Ngr10;11,

ṙ10;115~N21!gr01;11
u 1gr01;11

l 2A2gr10;201~N21!gr10;021E~r00;111r10;01!2A2Er20;112~g/212k!r10;11,

ṙ10;025~N22!gr01;02
u 12gr01;02

l 22gr10;111Er00;022A2Er20;022~g1k!r10;02,

ṙ01;01
l 522gr10;0122Er11;01

l 1~N21!r02;02
l l 2gr01;01

l 12kr11;11
l , ~A11!
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ṙ01;01
u 522gr10;0122Er11;01

u 1~N22!r02;02
lu 2gr01;01

u 12kr11;11
u ,

ṙ01;2052gr10;201~N21!A2gr01;11
u 1A2gr01;11

l 2Er11;201A2Er01;102~g/212k!r01;20,

ṙ01;11
l 52gr10;112A2gr01;201~N21!gr01;02

l 2E~r11;11
l 2r01;01

l !2~g1k!r01;11
l ,

ṙ01;11
u 52gr10;112A2gr01;201gr01;02

l 1~N22!gr01;02
u 2E~r11;11

u 2r01;01
u !2~g1k!r01;11

u ,

ṙ01;02
l 52gr10;022gr01;11

l 2gr01;11
u 2Er11;02

l 2~3g/2!r01;02
l ,

ṙ01;02
l 52gr10;0222gr01;11

u 2Er11;02
u 2~3g/2!r01;02

u ,

ṙ20;2052A2Ngr20;1112A2Er10;2024kr20;20,

ṙ20;115A2Ngr11;112A2gr20;201~N21!gr20;021A2Er10;112~g/213k!r20;111Er01;20,

ṙ20;025A2~N22!gr11;02
u 12A2gr11;02

l 1A2Er10;022~g12k!r20;02,

ṙ11;11
l 522A2gr20;1112~N21!gr11;02

l 12Er01;11
l 2~g12k!r11;11

l ,

ṙ11;11
u 522A2gr20;1112gr11;02

l 12~N22!gr11;02
u 12Er01;11

u 2~g12k!r11;11
u ,

ṙ11;02
l 5gr02;02

l l 1g~N22!r02;02
lu 2A2gr20;021g~N22!r20;022g~r11;11

l 1r11;11
u !1Er01;02

l 2~3g/21k!r11;02
l ,

ṙ11;02
u 52gr02;02

lu 1g~N23!r02;02
uu 2A2g1g~N22!r20;0222gr11;11

u 1Er01;02
u 2~3g/21k!r11;02

u ,

ṙ02;02
l l 524gr11;02

l 22gr02;02
l l ,

ṙ02;02
lu 522gr11;02

l 22gr11;02
u 22gr02;02

l l ,

ṙ02;02
uu 524gr11;02

u 22gr02;02
uu .

We now scale time in units of the atomic lifetimeg, and introduce the scaling ansatz

rn,l ;m,k→ns
~n1m!/2Y~n1m1 l 1k!rn,l ;m,k . ~A12!

Keeping only terms to lowest order inY, we have the following set of equations:

ṙ00;0050,

ṙ00;105A2mCr00;102~m/2!r00;102~m/2!r00;00,

ṙ00;01521/2A2r00;102~1/2!r00;01,

ṙ00;2052mCr00;111~m/A2!r00;102mr00;20,

ṙ00;1152~1/2!r00;201A2mC~121/N!r00;021m/2r00;012~1/2!~11m!r00;11,

ṙ00;0252~1/A2!r00;112~1/2!r00;02,

ṙ10;1052A2mCr10;011mr00;102mr10;10,

ṙ10;015A2mC~121/N!r01;01
u 1A2mC/Nr01;01

l 2~1/2A2!r10;101m/2r00;012~1/2!~11m!r10;01,

ṙ10;205A2mCr01;20
u 12mCr10;11

l 1~m/2!r00;202~3m/2!r10;201~m/A2!r10;10,
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ṙ10;115A2mC~121/N!r01;11
u 1A2mC/Nr01;11

l 2~1/2!r10;201A2mC~121/N!r10;021~m/2!~r10;011r00;11!2A2Er20;11

2~1/2!~112m!r10;11,

ṙ10;025A2mC~122/N!r01;02
u 12A2mCr01;02

l 1~m/2!r00;022~11m/2!r10;022~1A2!r10;11,

ṙ01;01
l 52~1/A2!r10;012r01;01

l ,

ṙ01;01
u 52~1/A2!r10;012r01;01

u ,

ṙ01;2052~1/2A2!r10;2012mC~121/N!r01;11
u 12mCr01;11

l 1~m/A2!r01;102~1/2!~112m!r01;20, ~A13!

ṙ01;11
l 52~1/2A2!r10;112~1/2!r01;201A2mC~121/N!r01;02

l 1~m/2!r01;01
l 2~11m/2!r01;11

l ,

ṙ01;11
u 52~1/2A2!r10;112~1/2!r01;201~A2mC/N!r01;02

l 1A2mC~122/N!r01;02
u 1~m/2!r01;01

u 2~11m/2!r01;11
u ,

ṙ01;02
l 52~1/2A2!r10;022~1/2A2!r01;11

l 2~1/2A2!r01;11
u 2~3/2!mr01;02

l ,

ṙ01;02
u 52~1/2A2!r10;022~1/A2!r01;11

u 2~3/2!mr01;02
u ,

ṙ20;2054mCr20;111A2mr10;2022mr20;20,

ṙ20;1152mCr11;112~1/2!r20;201A2mC~121/N!r20;021~m/A2!r10;111~m/2!r01;202~1/2!~113m!r20;11,

ṙ20;025mC~122/N!r11;02
u 14mC/Nr11;02

l 2~1/A2!r20;111~m/A2!r10;022~11m!r20;02,

ṙ11;11
l 52r20;1112A2mC~121/N!r11;02

l 1mr01;11
l 2~11m!r11;11

l 1mr01;11
U ,

ṙ11;11
u 52r20;111~2A2mC/N!r11;02

l 12A2mC~122/N!r11;02
u 2~11m!r11;11

u ,

ṙ11;02
l 5A2mC/Nr02;02

l l 1A2mC~122/N!r02;02
lu 2~1/2!r20;022~1/A2!r11;11

u 2~1/2A2!r11;11
l 1~m/2!r01;02

u

2~1/2!~31m!r11;02
u ,

ṙ11;02
u 52A2mC/Nr02;02

lu 1A2mC~123/N!r02;02
uu 2~1/2!r20;022~1/A2!~r11;11

l 1r11;11
u !1~m/2!r01;02

l 2~1/2!~31m!r11;02
l ,

ṙ02;02
l l 52A2r11;02

l 22r02;02
l l ,

ṙ02;02
lu 52~1/A2!~r11;02

l 1r11;02
u !22r02;02

lu ,

ṙ02;02
uu 52A2r11;02

u 22r02;02
uu .

At this point, we construct equations of motion for quantities such asDrn,m;k,l5(rn,m;k,l
l 2rn,m;k,l

u ). Rather than write
down more equations, we simply state the result. The differences between like and unlike atom density matrix elem
coupled only to each other. Hence, if we start from an initial ground state, where the differences are zero initially, they
zero for all times. For the rest of our analysis, we restrict ourselves to this scenario, and drop the distinction between
unlike atom density matrix elements. This is the result one would obtain if the atomic basis were initially chosen
symmetric collective state, reflecting the permutation symmetry of the atoms. We wish to point out that these quantitie
only to one another in the weak-field limit. For example in the equation forDr01;01 there is a term proportional tor02;02

l l , and
hence the differences arenot coupled only to each other, but this term is dropped in the weak-field limit as it is of ordeY4,
whereasr01;015r01;01

l 5r01;01
u are of orderY2. Settingrn,m;k,l

l 5rn,m;k,l
u , as well asrn,m;k,l

l l 5rn,m;k,l
uu 5rn,m;k,l

lu leaves us with
21 independent density matrix elements, equivalent to those obtained by the six-state basis

u00& u10& u01& u20& u11& u02&. ~A14!

The equations of motion for the respective density matrix elements are given below:

ṙ00;0050,
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ṙ00;105A2mCr00;012~m/2!r00;101~m/2!r00;00,

ṙ00;01521/2A2r00;102~1/2!r00;01,

ṙ00;2052mCr00;111~m/A2!r00;102mr00;20,

ṙ00;1152~1/2!r00;201A2mC~121/N!r00;021m/2r00;012~1/2!~11m!r00;11,

ṙ00;0252~1/A2!r00;112~1/2!r00;02,

ṙ10;1052A2mCr10;011mr00;102mr10;10,

ṙ10;015A2mCr01;011~1/2A2r10;101m/2r00;011~1/2!~11m!r10;01,

ṙ10;205A2mCr01;2012mCr01;111~m/2!r00;202~3m/2!r10;201~m/A2!r10;10,

ṙ10;115A2mC~121/N!r01;112A2mC/Nr01;112~1/2!r10;201A2mC~121/N!r10;021~m/2!~r10;011r00;11!

2A2Er20;112~1/2!~112m!r10;11,

ṙ10;025A2mC~122/N!r01;021A2mCr01;021~m/2!r00;022~11m/2!r10;11, ~A15!

ṙ01;0152~1/A2!r10;012r01;01,

ṙ01;2052~1/2A2!r10;2012mCr01;111~m/A2!r01;102~1/2!~112m!r01;20,

ṙ01;1152~1/2A2!r10;112~1/2!r01;201A2mC~121/N!r01;021~m/2!r01;012~11m/2!r01;11,

ṙ01;0252~1/2A2!r10;022~1/A2!r01;112~3/2!mr01;02,

ṙ20;2054mCr11;111A2mr10;202r20;2022mr20;20,

ṙ20;1152mCr11;112~1/2!r20;201A2mC~121/N!r20;021~m/A2!r10;111~m/2!r01;202~1/2!~113m!r20;11,

ṙ20;025A2mCr11;022~1/A2!r20;111~m/A2!r10;022~11m!r20;02,

ṙ11;1152r20;1112A2mC~121/N!r11;021mr01;112~11m!r11;11,

ṙ11;025A2mC~121/N!r02;022~1/2!r20;022~1/A2!r11;111~m/2!r01;022~1/2!~31m!r11;02,

ṙ02;0252A2r11;0222r02;02.
n
tia
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ck

APPENDIX B: QUANTUM THEORY OF COUPLED

HARMONIC OSCILLATORS

In this appendix, we show that a pair of coherently drive
damped, coupled harmonic oscillators evolves from an ini
vacuum state into the product stateua0(t),b0(t)&, where
a0(t) andb0(t) are coherent state amplitudes that satisfy
oscillator equations one would write down classically. O
way to prove this is to use the Glauber-Sudarshan repre
tation to convert the master equation

ṙ52 iva@ â†â,r#2 ivb@ b̂†b̂,r#1g@~ â†b̂2b̂†â!,r#

1E@~ â†2â!,r#1ka~2ârâ†2â†âr2râ†â!

1kb~2b̂rb̂†2b̂†b̂r2rb̂†b̂! ~B1!
,
l

e
e
n-

into a Fokker-Planck equation.
The essential point is that the resulting Fokker-Plan

equation has no diffusion terms. For the initialP function
where both oscillators are in the vacuum state,

P~a,b,0!5d~2!~a!d~2!~b!, ~B2!

the solution to the Fokker-Planck equation is

P~a,b,t !5d~2!
„a2a0~ t !…d~2!

„b2b0~ t !…, ~B3!

wherea0(t) andb0(t) satisfy the equations

ȧ052~ka1 iva!a01gb01E, ~B4!
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ḃ052~kb1 ivb!b01ga0 . ~B5!

These are the semiclassical equations that one obtain
approximating the atom as a simple harmonic oscillator~via
the Schwinger representation! upon factorization of equa
tions of motion for expectation values. These equations
reproduce all of the structural effects of cavity QED~i.e.,
linewidth and level shifts!, but as we have shown, they d
ys

e

nd

hy

l

n

S.

et

he

.J.

n

by

ll

not reproduce the dynamical effects seen in the photon
tistics. If the system is modeled as a pair of coherently driv
coupled harmonic oscillators, both the field and the at
would evolve into coherent states with amplitudes that s
isfy semiclassical equations of motion, and henceg(2)(t)
51 for all delay times. Hence there would be no nonclas
cal effects such as photon antibunching, sub-Poisson be
ior, or the vanishing ofg(2)(t) at a finite delay time.
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